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Abstract. For operators on a compact manifold X with boundary dX, the basic zeta co- 
efficient Cq{B , P\ t) is the regular value at s = of the zeta function Tv{BP^^), where 
B = P-\- + G is a pseudodifferential boundary operator (in the Boutet de Monvel calculus) — 
for example the solution operator of a classical elliptic problem — and Pi,t is a realization 
of an elliptic differential operator _Pi, having a ray free of eigenvalues. 

Relative formulas (e.g. for the difference between the constants with two different choices 
of Pi,t) have been known for some time and are local. We here determine Co{B, Pi^t) it- 
self (when Pi is of even order) , showing how it is put together of local residue-type integrals 
(generalizing the noncommutative residues of Wodzicki, Guillemin, Fedosov-Golse-Leichtnam- 
Schrohe) and global canonical trace-type integrals (generalizing the canonical trace of Kont- 
sevich and Vishik, formed of Hadamard finite parts) . 

Our formula generalizes that of Paycha and Scott, shown recently for manifolds without 
boundary. It leads in particular to new definitions of noncommutative residues of expressions 
involving log Pi,t- 

Since the complex powers of Pi^t lie far outside the Boutet de Monvel calculus, the 
standard consideration of holomorphic families is not really useful here; instead we have 
developed a resolvent parametric method, where results from our calculus of parameter- 
dependent boundary operators can be used. 



Introduction. 

The value of the zeta function at s = plays an important role in the analysis of 
geometric invariants of operators on manifolds. For the zeta function ({Pi,s) = TrPj~^ 
(extended meromorphically to C) defined from a classical elliptic pseudodifferential op- 
erator (i/^do) Pi on a closed manifold X, having a ray free of eigenvalues, the value at 
s = is a fundamental ingredient in index formulas. For the generalized zeta function 
C{A, Pi, s) = Tr(APj~^), there is a pole at s = and the regular value behind it serves as 
a "regularized trace" or "weighted trace" (cf. e.g. Melrose et al. [MN, MMS], Paycha et al. 
[CDMP, CDP]); it is likewise important in index formulas. 

Much is known for the case of closed manifolds: The residue of C(^5 -Pi 5 ■§) at is pro- 
portional to Wodzicki's noncommutative residue of A ([W], see also Guillemin [Gu]). The 
regular value at (which we call the basic zeta value) equals the Kontsevich- Vishik [KV] 
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canonical trace in special cases, and in general there are defect formulas for it (formulas 
relating two different choices of the auxiliary operator Pi , and formulas where ^ is a com- 
mutator), in terms of noncommutative residues of related expressions involving log Pi. The 
basic zeta coefficient itself has recently been shown by Paycha and Scott [PS] to satisfy a 
formula with elements of canonical trace-type integrals (finite-part integrals in the sense of 
Hadamard) defined from A, as well as noncommutative residue-type integrals defined from 
^ log Pi. The finite-part integral contributions are global, in the sense that they depend 
on the full operator; the residue- type contributions are local, in the sense that they depend 
only on the strictly homogeneous symbols down to a certain order. 

For a compact manifold X with boundary dX — X' , one can investigate the analogous 
questions. Pi is here replaced by a realization Pi ^ of an elliptic differential operator Pi 
provided with a boundary condition Tu = at X' such that the resolvent (Pi,t — A)~^ 
exists on a ray in C, say M_. A suitable framework for these operators is the Boutet de 
Monvel calculus ([B], [Gl]), which contains the direct operators as well as their inverses 
and is closed under composition of the various operator types (acting between bundles 
over X and X'). Now A is replaced by an operator B in the Boutet de Monvel calculus, 
typically of the form B = P+ + G, where P is a V'do on a larger manifold X D X, truncated 
to X, and G is a so-called singular Green operator (s.g.o.). For example, B can be the 
operator A^^ solving the Dirichlet problem for a strongly elliptic differential operator A. 

The Boutet de Monvel calculus (the calculus of pseudodifferential boundary operators, 
V'dbo's) is a narrow calculus in the sense that it has just what it takes to include elliptic 
differential boundary problems and their solution operators in an "algebra". It requires 
the i/jdo component to satisfy the transmission condition at the boundary (assuring that 
C°°(X) is mapped into C°°(X)), and is limited to i/'do's of integer order. There exist other 
calculi for manifolds with boundary, such as e.g. the b- or c-calculi of Melrose ([M], [MN]), 
but these calculi involve a degeneracy of the operators at the boundary, and do not contain 
A^"*^. — One could say that the Boutet de Monvel calculus is more "noncommutative" 
than the other calculi, since it does not have the property (typical of purely ifjdo calculi) 
that the commutator of two scalar operators Ai and A2 is of order < ord Ai + ord A2. 

The celebrated method for determining spectral invariants such as noncommutative 
residues and weighted traces, in the case of operators on closed manifolds, or operators 
with a degeneracy at the boundary, has been to study holomorphic families, i.e., families 
of operators depending holomorphically on their order 2 G C ([Gu], [W], [KV], [MN], 
[CDMP], [PS] . . . ). This does not work in the Boutet de Monvel calculus, simply because 
the transmission condition in its strict form allows integer orders only. Instead, we have 
had to establish an alternative method: the resolvent parametric method. 

The most frequently used holomorphic family is the family of powers; in the present 
case it would be BP^^. It can be defined by Cauchy integrals from the resolvent paramet- 
ric family B{Pi t — A)~^, and the invariants related to the holomorphic family BP^^ 
match certain invariants associated with the family B{Pi t — A)~^. In our method, 
we can bypass the detailed analysis of the family Pi"-^ and carry out all the work on 
-B(Pi,T — A)~^ and its iterates P(Pi^t — A)~-^; the only other operator we do have to 
involve is log Pi, t- A detailed study of this operator is worked out in [GG], joint with 
Gaarde. (In the holomorphic calculi, the log-operator comes into the picture when z- 
differentiation is performed; the reasons for its appearance in the resolvent considerations 
are more subtle, connected with homogeneity properties of symbols.) 
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Previous results on noncommutative residues and zeta values for ■i/;dbo's are as follows: 
The noncommutative residue res(5) was introduced by Fedosov, Golse, Leichtnam and 
Schrohe [FGLS] as a sum of integrals of symbol terms of order "minus the dimension". 
The zeta function C{B, Pi.t-, s) was defined as the meromorphic extension of Tr(i?Pj~^) to 
C by Grubb and Schrohe [GScl] (under restrictive hypotheses on Pi,t), and the residue at 
s = identified with res 5. "Weighted trace" properties (defect formulas) for the regular 
value at zero (with P^^ replaced by its V'do part) were established in [GSc2, G4], including 
the fact that the value modulo local terms is a finite-part integral defined from B. 

In the present paper we shall derive an explicit formula for the regular value Co{B, Pi,t) 
itself, with ingredients of the form of finite-part integrals (canonical trace-type terms) as 
well as residue- type integrals involving log Pi ^t- The formula generalizes that of [PS], but 
has several more terms due to the presence of the boundary. 

The study leads to the introduction of a number of new noncommutative residue for- 
mulas, generalizing those of [W], [Gu] and [FGLS]. In particular, we show that the new 
residue definitions have a certain traciality, vanishing on (suitable) commutators. 

Plan of the paper. Section 1 explains the problem in more detail, desribing the asymp- 
totic expansion of Tr B{Pi t — A)""^, and the decomposition of the relevant coefficient in 
five terms (where B ^ P+ + G and (Pi,t - A)"^ = Qx,+ + Gx) 

(0.1) Co{B, P^^t) = k{{PQx)+) - lo{L{P, Qx)) + lo{GQx,+) + lo{P+Gx) + lo{GGx). 

Section 2 establishes two general theorems describing the "positive regularity" method 
initiated in [G4] (based on [Gl]), and applies them to complete the proofs of the needed 
asymptotic trace expansions. In Section 3, the nonlocal term lo{{PQx)+) is found by 
a method for closed manifolds originating from [G5], and the local term lo{L{P,Qx)) is 
determined by use of Section 2 combined with a precise analysis. Section 4 treats the 
difficult nonlocal term lo{GQx,+), for which a new method involving Laguerre expansions 
is introduced. Section 5 shows the residual nature of lo{P+Gx) and lo{GGx)- In Section 6, 
we collect the results in a theorem exhibiting the ingredients of canonical trace-type and 
residue-type, extended from the case where Pi is of order 2 to general even-order cases. 
Here we moreover establish some new defect formulas, relating two different choices of 
Pi , or two different choices of branch cut of the logarithm, and show the vanishing of the 
residues on certain commutators. 

1. Presentation of the problem and notation. 

Consider a compact n-dimensional manifold X with boundary dX — X' , and a 
hermitian C°° M-dimensional vector bundle E over X. Let S = P+ be an operator of 
order a belonging to the calculus of Boutet de Monvel [B], acting on sections of E. Here 
P is a classical pseudodifferential operator, given on a larger boundaryless n-dimensional 
manifold X in which X is smoothly imbedded, and acting in a bundle E extending E. 
P satisfies the transmission condition at dX, assuring that the truncation P_|_ = r^Pe~^ 
preserves C°°{X) (here r+ restricts to X° and e+ extends by zero on X \ X°). G is a 
singular Green operator (s.g.o.) of class with polyhomogeneous symbol. (More details 
on the calculus can be found e.g. in [B] and Grubb [Gl]). When P 7^ 0, we must assume 
(7 e Z because of the requirements of the transmission condition; when P = 0, all cr e R 
are allowed. 



4 



GERD GRUBB 



Along with B we consider an auxiliary elliptic differential system {Pi,T} where Pi is 
an elliptic differential operator of order m > acting in E, and T is a differential trace 
operator, defining the realization Pi t in L2{X,E); its domain D{Pi t) consists of the 
sections u in the Sobolev space H'^{X,E) with Tu = 0. Here we assume that, in local 
coordinates, the principal symbol Pi{x,^) has no eigenvalues on ]R_, and the principal 
boundary symbol operator {pi{x' ,0, ^' , Dn) — A, {x' , ^' , Dn)} is bijective for A G M-. 
Then - A)"^ and the inverse of {p1{x' ,0,^' , Dn) - A, {x' , ^' , Dn)} are defined 

for A in a sector V around R_, for all x, all ^' with |^'| + |A| 0. It can be assumed that 
X is compact (cf. e.g. [G2, Pf. of Th. 7.4]). The resolvent is 

Rx = {Pi,T - A)-^ = Qx,+ + Gx, where 
Qx^{Pi-X)-' onX. 

These operators are defined except for A in a discrete subset of C; in particular they exist 
for large A in the sector V. We can assume that no eigenvalues lie on ]R_ (by a rotation if 
necessary), so that M_ is a so-called spectral cut. 

The composed operator BRx is trace-class when m > a + n, and we are interested in 
the expansion of its trace in powers of A (with logarithmic factors) . If one does not want to 
assume that Pi has a high order, one can instead work with AT'th powers of the resolvent. 
Here we write 

R^ = ^Rx = QZ+ + G[^\^ith 

For certain calculations, it is convenient to take Pi of order m = 2, considering Tr{BR^) 
for N so large that BR^ is trace-class, namely N > {a + n)/2. 

The point of departure for the analysis of Laurent coefficients of C(-B,Pi,t,s) is the 
existence of trace expansions for A —> 00 on rays in V, with S > 0: 
(1.3) 

TriBR^)^ Y: af)(-A)^-^ + (ariog(-A)+ar')(-A)-^+0(A-^-^), 

0<j<n+a 

when N > {a + n)/m. The expansion (1.3) was established by Grubb and Schrohe in 
[GScl] when m = 2, Pi is principally scalar near X' and T defines the Dirichlet condition. 
(In fact, a full expansion with powers of —A going to —00 was shown there, but we shall 
not need the lower order terms in the present paper.) We shall show that it holds for 
general second-order realizations Pi,t with a spectral cut (Corollary 2.7). For m, > n + a, 
the expansion with A'" = 1 was partially established in [G4], namely with Rx replaced by 
its •0do part Qx,+ '- 

(1.4) Tr{BQx,+)= Yl cji-X)^-' + {c'o\og{-X) + c'^){-X)-' + 0{X-'-'), 

0<j<n+a 

and we shall show the supplementing result for the s.g.o.-part further below in Section 2 
(Corollary 2.5). The expansion (1.4) (as well as expansions with Qx,+ replaced by ((5^)+), 
has an interest in itself. 
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The coefficients of (—A) ^ are particularly interesting. In (1.3), one has for all N > 
(a + n)/m: 

(1.5) =ao, Oq = Oq - ajvoo, with ctiv = 2^i<^.^^ -j, 

where ag and ag are constants independent of A^. A brief explanation of why a^v enters is 
that it comes from derivatives of the log-term when N is increased (cf. (1-2)); a detailed 
account is given in [G5, Lemma 2.1]. It is the coefficient oIq that we are searching for in 
particular. 

The main efforts are made in the case where P\ is of order 2; the results are then 
extended to general cases of even m in Section 6. 

We do not here give a complete treatment of cases where m is odd. Some results for 
such cases are included without extra effort (e.g. those in Section 5), for other aspects we 
only give partial results; some indications of what may be done in the first-order case are 
given in Remark 2.8 below. (Some difficulties are connected with the fact that the classical 
part of log Pi does not satisfy the transmission condition when m is odd.) 

To explain the connection with zeta functions, note that the resolvents can be used to 
define complex powers Pj~* on X and P^^ on X, by Cauchy integral formulas such as 

(1.6) p-^ = ^^A-MPi,T-A)-i(iA, 

where C is a curve in C \ R_ encircling the nonzero spectrum of P\^t in the positive 
direction (e.g. a Laurent loop around M_). By the transition formulas accounted for e.g. 
in [GS2] , the above resolvent trace expansions imply that the zeta functions 

(1.7) C{B,P^,T.s) = ^{BP-^^), C{B,Pi,+,s) = Tr{B{Pr)+), 

holomorphic for Res > {a + n)/m, extend meromorphically to Res > —6, with simple 
poles at the real points (a + n ~ j) /m and in particular a Laurent expansion at s = 0: 

C{B, P,,T, s) = C_,{B, P,,t)s-' + [Co{B, P,,t) - Tt{BUo{Pi,t))]s^ + 0{s), 
C(5, Pi,+, s) = C_i(5, Pi,+)s-i + [Co(5, Pi,+) - TV(Sno(Pi)+)]s° + 0(5), 

where no(Pi) resp. no(Pi,T) is the generalized eigenprojection for the zero eigenvalue of 
Pi resp. Pi,T- Here, in relation to (1.3)-(1.4) with (1.5), 

.-^g. C_i(P,Pi,T)=a'o = 4^)', 

C_i(P,Pi,+)=c[„ 

and 

.-^ -^Qx CoiB, Pi,t) = a[)' = a[,^^" + aNa'o, 

Co{B,P,,+)=c'^, 
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The Ilo-terms enter only in the zeta-expansions (1.8), not in the resolvent expansions 
(1.3)-(1.4); they stem from the fact that is excluded from the contour integration (1.6). 

It is known from [GScl] for (1.3) with m = 2, from [G4] for (1.4), and will follow easily 
for general cases from the proofs given below, that 

(1.11) C_i(i?,Pi,T) = C_i(i?,Pi,+) = l^resB, 

where res B = res(P_^ + G) is the noncommutative residue; the linear functional defined 
by Fedosov, Golse, Leichtnam and Schrohe [FGLS]: 

res(P+) = / / tr p-n{x, ^) dS{^), res G = resx' (tr„ G) 
Jx J\^\=i 

(expressed in local coordinates). Here res^' is the Wodzicki residue of the '(/'do tr^ G over 
X' (the normal trace of G, see (2.2) below). The indication tr means fiber trace, stands 
for (27r)~"'(i^, and dS{^) is (27r)~"' times the usual surface measure. This coefficient is 
completely independent of Pi or T, and is local. It is zero when a + n ^ N = {0, 1,2,...}. 

We shall focus the attention on the coefficient Co(P,Pi,t), called the basic zeta coef- 
ficient, as well as its variant Co(P, Pi,+), and we search for explicit formulas for these 
constants. 

In the papers [GSc2], [G4] we have studied the trace defect Co(-B,Pi^+) — Co(-B,P2,+), 
which compares the coefficients for two different auxiliary operators Pi and P2. It was 
shown to be local in [GSc2]. Moreover, [G4] showed that it can be expressed as a noncom- 
mutative residue in the sense of [FGLS]: 

(1.12) Co(P,Pi,+) -Co(P,P2,+) = -^res(P(logPi -logP2)+), 

when m is even. In [G4], m > a + n or m = 2; general values of m are covered by Theorem 
2.6 below. When m is odd, the residue definition of [FGLS] is not directly applicable, but 
there is a more complicated residue-like interpretation of the right-hand side in (1.12). 

The operator log Pi can be defined (on smooth functions) by a Cauchy integral and 
approximation: 

(1.13) log Pi = lim ^ ^ A-^ log A (Pi - A)-i dX, 

where C is a curve in C \ M_ encircling the nonzero spectrum of Pi. Its symbol in local 
coordinates is of the form 

symb(logPi) = mlog[^] + l{x,^), with l{x,^) classical of order 0, 
^^■"^"^^ [^] is a C°° function > i with [^] = |^| for j^l > 1, 

cf. e.g. Okikiolu [O], and l{x, ^) satisfies the transmission condition when m is even (details 
in [GG, Lemma 2.1]). 

In the present paper, we shall prove a formula for Cq{B, Pi,+) itself, showing how it is, in 
local coordinates, the sum of a finite-part integral (in the sense of Hadamard) defined from 
B and a residue- type integral defined from P(logPi)+, suitably interpreted. The value 
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modulo local terms was found in [GSc2]; the present description is much more precise. 
Moreover, we shall extend the description to Co{B, Pi^t)- 

Our result is a generalization of, and is inspired from, the recent result of Paycha and 
Scott [PS] on Laurent coefficients in the boundaryless case, further analyzed in our note 
[G5]. They showed the following: 

Let A and Pi be classical pseudo differential operators of order cr G M rcsp. m G M-(- 
on a compact n-dimensional manifold X without boundary. Pi being elliptic with M_ as 
a spectral cut. Then all the coefficients in the Laurent expansions of the generalized zeta 
function ({A,Pi,s) = Tr(^Pj~*) around the poles can be expressed as combinations of 
finite-part integrals and residue- type integrals of associated logarithmic symbols. Denote 
(similarly to (1.8)) the Laurent coefficient of at zero (the regular value at zero) by 
Cq{A, Pi) — Tr{AnQ{Pi)), where no(Pi) is the generalized zero eigenprojection of Pi. 
Then Co{A, Pi) satisfies 

(1.15) Co{A,Pi)= f{TR,{A)-^Tes,AA\ogPi))dx. 

Jx 

Here the function TRa;(^) — ^ reSa;^o(^fog-Pi) is defined in a local coordinate system by: 

(1.16) TR,{A) = jtTaix,0^^, 

(1.17) res^,o(^logPi)= / tr r_„,o (a;, 0^^-5(0 • 

J|e|=i 

For (1.16), the expression ;^tra(x,^) is defined for each x as a Hadamard finite-part 
integral, namely as the constant term in the asymptotic expansion of tr a(a:, ^) cf^ 

in powers p-^+^-J {j g N), P° and logP (cf. Lesch [L], see also [GSc2, (3.12)ff.]). The 
notation TR^; is inspired from the notation of [KV]; in fact, as pointed out in [L], TR^; A 
integrates in suitable cases to the canonical trace TR^ (see also [G3]). 

For (1.17), the symbol of P = ^ log Pi is denoted r{x,^); it is log-poly homogeneous of 
the form (cf. (1.14)) 

(1-18) r(x,0 ~ J](r<,_„o(a:,e) +r,-,,i(a;,0 log[C]), 

where each ra-j,i is homogeneous in ^ of degree a — j for |^| > 1. So r_n,o is the log-free 
term of order —n (taken equal to when a + n ^N). 

We find it interesting that the two "competing" trace functionals res and TR both enter 
here, in localized versions (only the collected expression (TRa;(^) — ^ reSa;^o(^fog-Pi)) dx 
has an invariant meaning as a density on X). Note that reSx,o(^logPi) is local (depends 
on homogeneous symbols down to order — n), whereas TRx{A) is global (depends on the 
full structure). 

The formula was shown in [PS] by use of holomorphic families of V'do's (depending 
holomorphically on their complex order z). We showed in [G5] how the formula could be 
derived by methods relying directly on the knowledge of the resolvent (Pi — A) as a 
preparation for the present generalization to manifolds with boundary. 
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Like [PS], we shall use the notation 

(1.19) res,(g)=/ tr q-n{x,OdS{0, 

J\^\=i 

when Q is a classical ipdo on X with symbol q{x,^) in local coordinates. Here reSa;((5) h^is 
a meaning only in local coordinates, but the integral of TeSx{Q) over X can be given an 
invariant meaning as the Wodzicki noncommutative residue resQ. 

Remark 1.1. In view of (1-14), we can in local coordinates define (logPi)ci = OP(/(a;, ^)) 
as "the classical part of log Pi". Then, as is easily checked from the composition rules, 

(1.20) reSa.,o(AlogPi) = reSa.(A(logPi)ci), 

when we use the notation (1.19). But this generally has a meaning only in local coordinates. 

Our goal is to generalize (1.15) to a characterization of Co(-B,Pi,t), via a study of the 

coefficient of (— A)~-^ in the trace expansion of BR^ = jj^^-^jBRx. The operator breaks 
up in five terms: 

(1.21) BRx = (P+ + G){Qx,+ + Gx) 

= P+Qx,+ + GQx,+ + (P+ + G)Gx, 

= iPQx)+ - LiP, Qx) + GQx,+ + P+Gx + GGx, 

(1.22) BR^ = {PQ^)+ - L{P, Q^) + GQ^^ + P+Gf ^ + GCf ), 

where we use the notation (1.2), and the notation L{P,P') for the "leftover term" in the 
truncation of a product: L(P, P') — {PP')^ — P+P[. (more on this in (3.16)ff.). The part 
PQ^^ (the first three terms in (1.22)) has been studied in [GScl], [GSc2] and [G4], the 
last paper giving the trace defect formula (1.12). For this part, the strategy will be: 

(1) Find Co(P, Pi,+) for one particularly manageable choice of Pi. 

(2) Extend to more general P2 by combination with the trace defect formula (1.12). 

This program is carried out in Sections 3 and 4. 

The part BG^^'' (the last two terms in (1.22)) has been treated under special assump- 
tions and with only qualitative results in [GScl] and [GSc2]. An exact trace defect formula 
was not shown, so we would need to find this. In fact, we shall aim directly for a precise 
description of the coefficient in question (from which a defect formula follows), since this 
can be done with the methods established in [G4]. The coefficient is local — as shown 
under restrictive hypotheses in [GScl]. Part of the study is carried out in Section 2, show- 
ing the existence of an expansion with a qualitative description of the coefficients, and the 
connection with our main problem is worked out in Section 5. 

It will be practical to introduce a general notation for the relevant coefficient in various 
trace expansions (cf. (1.5)): 

Definition 1.2. Let Mx be an operator family defined for large X in a sector V ofC, with 

gN-l 

Mx,N = (jv-i)! -^A defined there for all positive integers N. If the Mx,n for all N > Nq 
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have trace expansions of the form 



(1.23) TrMA,jv= ^ a^rj (-A)"^ 

0<i<n+(T 

+ (a[)log(-A) + a'^ - Q;ivao)(-A)-^ + 0{X-^-^), some 5 > 0, 
for A —> oo on rays in V , with ag and independent of N , aN — ^i<j<Ar we define 

(1.24) Zo(MA) = a'o'. 

The main result is the following theorem with Pi of even order m, whose ingredients 
will be explained in the next sections: 

Theorem 1.3. The basic zeta coefficient Cq{B, Pi,t) is a sum of terms, calculated in local 
coordinates: 

Co{B,Pi^t)= [ [TR,P-i^res,,o(PlogPi)](ix + ^resL(P,logPi) 
Jx 

^^•^^^ +/ [TR,.tr,G-ires,.,otr;(G(logPi)+)]da;' 

Jx' 

-^res(P+G^)-i,res(GG^). 

Here Co{B, Pi,+) is the sum of the first three terms. 

The five terms are found as the coefficient Iq in trace expansions of the five terms in 
(1.22), as written in (0.1). The residues appearing in (1.25) are various generalizations of 
the definition of [FGLS] , and will be suitably explained in the process of deduction of the 
formula. Both res L(P, log Pi) and res(GG °^) are Wodzicki-type residues over X' of tpdo^s 
tr^L(PlogPi) resp. tr„(GG'|°^), whereas res{P^G^°^), as well as reSa;/^o tr^(G(logPi)_|_) 
are more delicate to define. The theorem is shown in Section 6, based on the results from 
Sections 3 and 4 (with m = 2) and 5 (with m > 0); moreover, new defect formulas are 
derived. In particular, it is proved that the new residue definition is tracial in the sense 
that 

(1.26) res([P,logPi,T]) = 0, 

when B is of order and class 0. 

2. A strategy for local contributions. 

In this section we show the supplementary results needed to get the trace expansions 
(1.3) and (1.4) in the stated generality. The terms L(P, Q^), P+cf^ and GCf^ in (1.22) 
will be seen to have trace expansions (1.23) with = 0, and Gq local. To show this result, 
we can apply a method introduced in [G4], relying on the "positive regularity" (in the 
sense of [Gl]) of the ipdo family on X' obtained by taking normal traces. 

We shall explain the method here, establishing the main technical points in a form 
applicable to general situations, and give its application to P^G^^^ + GG^^^ = BG^^^ in 
the present section, treating L(P, Q^) later in Section 3. 
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The trace expansions are derived as finite sums of trace expansions worked out in 
local coordinates, where the situation is carried over to with coordinates x' e R"~-^, 
Xn € M+ . We recall that when is a singular Green operator on W]^ of order <\ — n and 
class with a kernel having compact (x', y')-support (hence is trace-class), then TrGo = 
Trmn-i (tr„ Go), where tr„ indicates the normal trace. To explain this further, recall from 
[Gl] that when Go has the symbol go{x' , , $,rn Vn) and symbol-kernel go{x' jX^yn,^') — 
^x^^yu^in^xr.^Vr.^yn9oix'^^'^^ri,Vn), thc action of Go is defined for u e r+5(M") by 

(2.1) Gqu= e*^ / go{x',Xn,yn,C')u{C',yn)dyndC', J^:c'^^'U 

jRri-l Jq 

(r"*" restricts to {xn > 0}), and the normal trace tr^ Go is a ijjdo Sq on W^~^ with symbol 

POO 

So{x',C') = {tTn9o){x',^') = / go{x',Xn,Xn,C)dXn 

Jo 

(2.2) = T+j+^j J e^^-^--^^-^-go{x',e,Cn,Vn)dCndVndxn 

go{x',^',^n,Cn)dCn- 



The plus-integral stands for an extension of the usual integral (cf. e.g. [Gl, p. 166]), and 
the last formula follows since the factor e*^"^""*^"''" together with the integrations in r]n 
and Xn give rise to a backwards and a forwards Fourier transform. 

We denote (1 + = (C'>» (1 + l^'P + A*^)^ = and use the sign < in 

inequalities to indicate "< a constant times". 

The idea is to show that taking the normal trace of BG^-^\ in local coordinates, leads 
to a A-dependent family of '0do's on R"^"-*^, where a kernel expansion and a formula for 
the basic coefficient can be deduced exactly as in the proof of [G4, Th. 4.5]. For the sake 
of general applicability, the crucial steps in that proof will be formulated in the following 
two general theorems, where we outline the proofs with reference to [G4]. 

Theorem 2.1. Let cr e R, /ei 5 e]0, 1[ such that a + 5 ^ Z, let m and N be positive 
integers, and let = OP {s^^\x' , ^' , X)) be a family oftpdo's on W^~^ depending holo- 
morphically on X in a keyhole region V' — V U {0 < \X\ < r}, V being a sector around 
R_, of order a — niN and regularity a — 5 in terms of /i on each ray X = —jjJ^e^^ in V . 

Assume moreover that {—X)^S^^ is of order o and regularity a + S, and that the symbol 
satisfies 



(2.3) 



3<J 



on the rays in V, for all a, /3, J. 
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If N > (cr + n — l)/m, the kernel on the diagonal has an expansion 



K{sf\x\x')= s[^l^')(-A)''"^-^ + 0(A-^-^), with 

0</<cr+n-l 



where the strictly homogeneous symbols s^J^^j^_i are integrable at ^' = for I < a + n — 1. 
If a + n — 1 & N, the coefficient of {—X)~^ is 

(2.5) / ^^-TN-n+A^',e,-i)d^'. 

If a + n — 1 ^ N, there is no term with {—X)~^; we include one trivially by setting 

Proof. The strictly homogeneous version Sj^^'^ of 5^''^^ is the extension of •S^-^'' ||^/|>i by 
homogeneity into {1 > |^'| > 0}. 

The expansion down to the term with l = n — 2 + a is assured by the general theory 
of [Gl], cf. e.g. Lemmas 3.1-5 in [G4]. To include the next term, one proceeds as in the 
proof of [G4, (4.35)ff.], if cr + n — IgN (with the number ^ replaced by 5 > 0): 

The estimates (2.3) imply that the symbol with I = a + n — 1 satisfies 

and the remainder s^^^' = s^^'' — X^Rcr+n-^i^mAr-z+i after this term satisfies 

(2 6) I I - \s / \s , f-/ 

Prom (2.6) follows as in [Gl, Lemma 2.1.9] that similar estimates are valid for the strictly 
homogeneous symbols: 

i^^''2Ln+i(^',e',A)i < i^r'-"+^ 1(^,^)1-"^^+', 
i^^'2Ln+i(^',e',A)i < ief-"+^i(r,/^)rV-™^, 



(2.8) 

so sff^^^r-n+i integrable at ^' = (besides being so for |^'| oo) when A 7^ 0. Then 



^(0P(5L^^^_„+i),x',x') =sl^Li(^')(-A)-\ with 



(2.9) 



-AN) 



-1(^0- / ^^^2ir-n+i(^',e',-i)cfe', 



as desired. This gives the needed extra term. The remainder estimate is obtained (like the 
preceding lines) exactly as in [G4, Th. 4.5]; we shall not repeat the details. li a + n — 1 ^ N, 
there is no term with (— A)""^, so only remainder estimates have to be checked. The 
condition a + 5 ^ Z is imposed in order to make [G4, Lemma 3.2] applicable without an 
£-reservation. 

The coefficients found for different rays in V coincide with those for the ray M_ in view 
of the holomorphy (as in [GSl, Lemma 2.3]). □ 
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Theorem 2.2. Let S^"^ be defined as in Theorem 2.1 (with the stated regularity properties 

and estimates) for each each N — 1,2,..., and assume moreover that — ^_iy_ S)^'' 
for all N. Then forN>{a + n-l) jm, 

(2.10) ^^-TN-n+ii^',e,-i)de= f ^L^^n+i(^',r,-i)e 

Define the "log-transform" S of S^^^ as an operator whose symbol s{x',^') for \^'\ > 1 

is deduced from the symbol s^^\x' X) of by 
(2.11) 

(with a curve C in C\ R_ encircling C \ V ). It is a classical i(^do symbol of order a, and 
for N > (a + n-l) /m, 



= / s^.r^{x',e)m'), hence 



V+j. _ , ,,„ , 
(2.12) ^IC'I = 

tTsi%i_^{x') = -^res^' S, 



Proof. The first equality in (2.10) repeats (2.5), and the last equaUty follows in the way 



JV-l 



explained in [G4, Rem. 3.12] from the fact that s^^\x',C', A) = -^^rryS^^nx'^C', A). 

Now consider the "log-transform"; the integrability in A is assured by the second line 
in (2.3). The verification that s is a classical ipdo symbol of order a with homogeneous 
terms Sa-j goes exactly as in [G4, Th. 4.5, (4.40)-(4.42)ff.] (with a + a' replaced by u, i 
replaced by 5); we shall spare a repetition of details. The first formula in (2.12) represents 
the fact that 

/ ^^';L'-n+i(^',e',-l)^e' = / ^ / logA5W'_.+i(x',e',A)dAd5(0, 

where the log-integral is turned into an integral along R_ and the homogeneity is used 
in the application of polar coordinates, by [G4, Lemmas 1.2 and 1.3] in dimension n — 1. 
Taking the fiber trace, we get the second formula in (2.12) by definition, using (1.19) in 
dimension n — 1. □ 

We shall now see how these theorems apply to show that BG^^^ has a trace expansion 
(1.23) with ao = and Oq equal to a residue. In [GScl] the special case where G\ is 
defined from a principally scalar Laplacian with Dirichlet condition was studied (giving a 
full expansion in log-powers of orders going to — oo); we now allow more general {Pi,T} 
and just show the expansion down to and including the crucial term with (— A)""'^. 

The order of Pi is here a positive integer m. B is of the form 5 = P+ -|- G, of order a 
and with G of class 0; here cr e Z when P ^ 0, and a can be any real number when P = 0. 

In order to apply Theorems 2.1 and 2.2 we shall show that G\ can be rewritten in a 
form that shows a better fall-off in A, at the cost of augmenting the order of the operator. 
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Lemma 2.3. 

1° The s.g.o. G\ and its derivatives G^^^ = l^j^_-^y G\ may he written in the form 

G\ = X ^PiG\, 

where G^^^' , described in the proof below, is a singular Green operator of order —m, class 

and regularity +oo. 

2° For each N >1, the s.g.o. BG^^^ = (P+ + G)G^p has order a - mN , class and 
regularity a. Moreover, it can he written as 

(2.14) BGf^ = (-A)-^SPiGI^^', 

where BPiG^^^' has order a, class and regularity cr+ |. 
3° In local coordinates, the normal trace 

(2.15) =fe„(BGf' ) = ^M<'> 

is a ipdo family on W^~^ of order a — mN and regularity a — \ . It can also be written as 

(2.16) ^ = (-A)-^Z^f ^ = tr,(PPiGf )'), 

where U^^' has order a and regularity cr + | . 

4° The symbol u^^\x',^',X) ofu[^\ with the expansion in ( quasi- jhomogeneous terms 

u^^^ {x', A) ~ X^jgN ^o^mN-j (^'' ^) (^^^ ^r^^ being homogeneous of degree r in (^', fj,) 
on each ray A = —ji^e^^, iJ,> 0), satisfies: 

(2 17) '^'^ 

j<J 

on the rays in V, for all a, P, J. 

Proof. We start by noting that, since Pi is a differential operator, 
Qx + = Qa + A-^(Pi - A)Qa = A-^PiQa on X, 

(2.18) Pa + A-i = Pa + A-^(Pi - A)Pa = A-1Pi(Qa,+ + Ga) 

= A-^[(PiQa)+ + PiGx] = Qx,+ + A-i + A-^PiGa on X, 
which imphes the first formula in (2.13). For the second formula, we calculate: 

= ^i(1i^(a-^ga) = Px x; c.(-A)-^-Gr^'^ 

N-1 

(2.19) = (-A)-^Pi j2 ^.((^1 - ^) - Pir-'-'G[''-^^ 

i=o 

iv-i iv-i-i 

= (-A)-^p, 5] c, y: c',P'^{Pi-Xr-'-'-'Gf-^^; 

j=0 fc=0 
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here the sums over j and k define an s.g.o. G^^'' of order — m, class and regularity +00. 

For 2° we use the rules in [Gl, Prop. 2.3.14], which give that P+ and G have order 
and regularity a, whereas P+Pi^+ = (PPi)+ — L{P, Pi) has order a + m with (PPi)^ of 
regularity a + L(P, Pi) an s.g.o. of class m and hence regularity cr + |, and likewise 
GPi^-^ of order a + m and class m and hence regularity cr + |. The compositions with 

G^^'' resp. gI^^'*' inherit these regularities by the rules in [Gl, Sect. 2.7]. 

For 3°, there is a loss of ^ in the regularity when the general rule of [G4, Lemma 3.4] 
is applied. 

The information in 4° follows from the definition of the class of symbols of the stated 
regularity, when a < 0. When cr > 0, the regularity information itself gives weaker 
estimates when a — \a\ — J > 0. But here we can use the device introduced in the proof 
of [G4, Prop. 4.3]: Compose u[^^ to the left with A^^A'^ A = OP((f )), with g > a + 1. 

Taking A~^ together with B one finds that A~^U^^ satisfies the regularity statements 
with a replaced by a — g, hence the estimates with the same replacement, and the desired 
estimates follow after composition with A^. □ 

Theorems 2.1 and 2.2 apply straightforwardly to the symbols described in this lemma: 

Theorem 2.4. Let he as in Lemma 2.3. When N > {a + n — l)/m, the kernel of 

on the diagonal has an expansion 

(2.20) K{u[''\x',x') = J2 ur^(^')(-A)^^^-^ + 0(A-^-^(+^)), 

0<Z<cr+n-l 

where {+e) indicates the addition of an e > if a + ^ e Z (no addition otherwise). The 
coefficient of {—X)~^ is 

(2.21) ni%i_i{x')= I ni'2%-n+ii^',e,-l)de= [ uW^_„+i(a;',e', -1) 

if a + n - 1 e N, zero if a + n - 1 ^ N. 

The "log-transform" U , defined as an operator with symbol u{x',$,') deduced for \^'\ > 1 

from the symbol u^^\x' , ^' , X) ofU^^ by 
(2.22) 

u{x', = 4^1^ log Au(i)(a;', C', A) dX, u,-j{x', = 4^ logXu^^l^_.{x' , e', A) dX 

(and extended smoothly for \^'\ <1), is a classical i/jdo of order a such that the coefficient 
of{-^)~^ in (2.20) satisfies: 

i^iVn-i{^') = -ii [ ui_n{x',adS{a 
(2.23) Ac'\=i 

trul%i_^{x') = -^res^/f/; 
here ui-n is defined as zero if a + n — 1 ^ N. 

Proof. When a G Z (which must hold if P 7^ 0), we apply Theorems 2.1 and 2.2 with S = ^. 
When cr ^ Z, we apply the theorems with 5=\ifa + \^Z, d<\ifa + \eZ. □ 

Integrating over the local coordinate patches and carrying the pieces back to the mani- 
fold, we find: 
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Corollary 2.5. When N > {a + n - l)/m, Tt{BG^^ ') has an expansion 

(2.24) IV(SGf))= Yl uJ^VA)^^^-^ + 0(A-^-i^(+^)) 

0<l<a+n-l 

(with (+£) understood as in Theorem 2A), where the coefficient of {—X)~^ is 

Jx' Jx' 
if a + n — 1 & N, zero otherwise. The expansion may also be written as: 

(2.25) TY(i?Gf))= hf\-\Y-^-'' + 0{\-''-^^+% 

l<j<(T+n 

with h^I^T, = — — res U : in other words, 

u -\- 10 777, ^ 

(2.26) loiBGx)^-^resU. 

Proof. We use here that G^^'' cut down to interior coordinate patches is of order — oo and 
rapidly decreasing in A, so that such coordinate patches contribute only to the remainder 
in (2.24). The alternative formulation in (2.25) is obtained by denoting I + 1 = j and 
relabelling 

In the case where m > a + n, this result can simply be added to (1.4), implying the 
validity of (1.3) with N = 1 in. this case. 

We also want to establish (1.3) for general N, m = 2, which requires proving a version of 
[G4, Th. 3.6] where -B((5i,a — <52,a)+ for auxiliary operators of order m > a + n is replaced 
by B{Q^^ — Q2x)+ for auxiliary operators of order 2. This can be done with the same 
methods as used for [G4, Th. 3.6, Th. 3.10], and could also be done more mechanically with 
the technology of Section 4 there. Since there are no new difficulties in this, the explanation 
will be brief. Without extra effort, we can let the auxiliary differential operators have an 
arbitrary positive order m. 

Theorem 2.6. Let Pi and P2 be auxiliary elliptic differential operators on X of order 
m > with no eigenvalues on let Qi^\ = {Pi — X)~^ , and consider B{Q^^ — Q2x)+ 
on X, decomposed in its tpdo part and s.g.o. part 

(2.27) BiQ^^, - Q^,)+ = (PQf V + \ ^here > = Q^, - Q^x- 
For N > {a + n)/m, the if^do part and s.g.o. parts have trace expansions 

Y ^ (-A)^-^ + 0(A-^-^(+^)), 

0<j<n+a 

Y rff^(-A)^-^ + 0(A-^-^(+^)), 

l<j<n+(T 



TV(PQf V = 



(2.28) 



TV^f) 
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with (+£) understood as in Theorem 2.4. Here the coefficients of (—A) ^ are zero if 
cr + n ^ N, and otherwise, in terms of local coordinates, 

(2.29) c^Yn = / res,(P(logPi - \0gP2)) dx, 
and 

(2.30) di%i = [ res,' Sdx', with 5 = ^ / log A tiniQ^^^) dX. 

JX' JC 

If m is even, (1.12) holds with the residue defined in [FGLS]. 

Proof. The tfjdo part is dealt with by methods as in [G4, Sect. 2]. The crucial fact is 
that the symbol of Q^^\ as a difference between two iterated resolvent symbols, has 
homogeneous terms that are rational functions of (^, A) with a one step better fall-off in 
A than the individual symbols of the iterated resolvents Qf^: ^ [^4, Prop. 2.1] (it is 
only the leading term that needs some thought) . For the composition with P this implies 
that there is a strictly homogeneous symbol, integrable at ^ = 0, which produces the term 
with (— A)""^ in the first line of (2.28). Then a reformulation in polar coordinates, plus a 
comparison with log-formulas as in the proof of [G4, Th. 2.2], lead to a diagonal kernel 
expansion that integrates over X to give (2.28) with (2.29). 

For the s.g.o. term, if u e Z, the symbolic properties of Q^^^ are used as in [G4, Th. 3.6] 
to see that there is a strictly homogeneous term in the symbol of tr^ Q^^^ , integrable at 
^' = 0, that produces the term with (— A)~^ in the second line of (2.28). It is interpreted 
as in [G4, Th. 3.10, Rem. 3.12] to give (2.30). If u ^ Z, there is no such term, only the 
remainder. 

When m is even, log Pi — log P2 has the transmission property, and 

G' = -L(P,logPi - \0gP2) + ^(logPi - logP2)+ 

is a singular Green operator in the calculus. It is seen as in the proof of [G4, Th. 3.6] that 
reSa;/ S = leSx' tr„ G' (in the relevant term, the log-integration can be moved outside tr„). 
Then indeed, 

Co{B,P,,+) - Co{B,P2,+) = -^res(P(logPi - logP2))+ - ^ resx' S 

= --^res(S(logPi-logP2)+). □ 



As remarked earlier, the interpretation in [G4, Th. 3.6] of the trace defect as a residue 
in the sense of [FGLS] holds only when m is even; otherwise it can be regarded as a 
residue defined in a more general sense. We note in passing that there is a misprint in the 
statement of the theorem there; cr — ^ should be replaced by cr -|- | in line 6 of page 1691. 

Corollary 2.7. 1° The expansion (1.3) holds with N = 1 for general systems {Pi,T} of 
order m > a + n. 

2° For general second-order elliptic operators Pi, the operator family BQ^_^ has trace 
expansions (1.23) when N > {a + n)/2. 
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3° The expansion (1.3) holds for general systems {Pi, T} of order 2, with N > {a+n)/2. 

Proof. For (1.2) we have already observed that it foUows by adding the result of Corollary 
2.5 with m> a + n, N =1, to (1.4). 

For 2°, we consider a general operator Pi together with a special choice P2 as in [GScl]; 
then the result from there on the expansion of Tr(S(P2 - A)+^) taken together with 
Theorem 2.6 on Tr(B((Pi - A)+^ - (P2 - A)+^)) implies the statement. 

Now (1.3) is obtained for a general second-order realization Pi,t by combination with 
Corollary 2.5 for m = 2, iV > (a + n) /2. □ 

There is more information on the case of general even m in Section 6. 

Remark 2.8. For auxiliary operators Pi of order 1, Theorems 2.4-2.6 are valid. Results 
as in Corollary 2.7 can also be shown, under slightly restrictive circumstances: 

Assume that Pi can be chosen skew-selfadjoint of order 1, acting in the bundle E over 
X. Then we can use the trick (found e.g. in [GSl]) of introducing a "doubled" operator 
(also skew-selfadjoint) 

(2.32) P,= (^^ ^' 

whose resolvent is 

(2.33) (p, _ A)-i = ^^^^^ ^i^^^i _ ^ 
for A e C \ iR. Define also 



(2.34) B = 



B 
B 



then if B is of so low order that the trace exists {a + n < 1), 

Tr(B(Pi - A);') = 2XTt{B{P^ - X%^). 

Since Pf is selfadjoint negative, the right-hand side has an expansion in powers of A on 
suitable rays, by the preceding results. For the left-hand side, this gives a trace expansion 
for one special case of a first-order operator. Thanks to Theorem 2.6, we can then also get 
expansions for Tr(B(V' — A)^"^) for other choices of first-order operators V'. Take e.g. 



(2.35) V' = 

then 



Pi 
Pi 



Tr{B{r' - A);^) = 2 Tr(P(Pi - A);^), 

from which we obtain an expansion of Tr(B(Pi — X)^^) as in (1.2), on suitable rays. Now 
Theorem 2.6 can be used again, to allow other first-order elliptic operators P2 in the place 
of Pi. 
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If B is not of low order, one must work with derivatives (^j^_iy_ of Tt{B{Vi — A)^ ) to 
get the result, which gives more complicated calculations. 

Thanks to Corollary 2.5, the analysis extends to cases where (P2 — ^)'+' is replaced by 
{P2,T — A)~^, where P2 is provided with an elliptic differential boundary condition Tu = 0. 

Let us remark that not all first-order elliptic operators have elliptic differential boundary 
conditions. For Dirac operators there are in any case the pseudodifferential Atiyah-Patodi- 
Singer boundary conditions (and their generalizations), but the present set-up would not 
include them; this requires different efforts (cf. e.g. [G2]), since the singular Green part 
G\ then has low regularity. (There is much other current literature on that subject, also 
from the author's side, but we shall not lengthen the reference list with this.) 

Having established (1.3) for general N, m — 2, we go on to the detailed analysis of 
Cq{B, Pi^t), treating the contributions from the five terms in (1.22) one by one. 

3. The constant coming from P^Qx,+; localization. 

We now begin the analysis of the contributions to a'p = Co{B, -Pi,t)- For the contribu- 
tions from BQ^_^ = P+Q^^^+GQ^_^ in (1.22) (which together give the term Co{B, Pi,+)), 
it is an advantage to start with a very simple case where Pi is similar to the Laplacian. 

As in [05], wc make a reduction to local coordinates and choose Pi with essentially 
constant coefficients there. This goes as follows: X is covered by a system of open subsets 
Uj, J = 1, . . . , J, of X, with trivializations $j : E\u- Vj x (M = dimi?) and base 
maps Kj : Uj — > Vj, with Vj bounded in R"^. Now {i^j}i<j<j is an associated partition of 
unity (with E Co°(t/'j)), and (fj G CQ^{Uj) with ipj = 1 on suppV'j- Then 

^<j<j ^<j<j ^<j<j 

where the last sum is of order —00; for this part it is well-known that 
Co{il^jB{l — (fij),Pi^+) — Tr{'iljjB{l — (fij)). So it remains to treat each of the terms 

ijjBifj. 

For the present case of a manifold with boundary we can assume that, say, the sets with 
j = 1, . . . , Jo intersect dX and the remaining sets with j = Jq + 1, . . . , J have closures 
lying in the interior of X, and we can for j < Jq take the Vj of the form WjX ] — c, c[, 
Wj C W-'^ such that Wj = Kj{Uj n dX). 

For j > Jq, iljjBipj = ipjiP + with TZj a i/jdo of order = 00 (since s.g.o.s are 

smoothing on the interior oi X), so these terms are essentially covered by the analysis in 
[G5], and by the account we give for the '0do part below. Therefore we can restrict the 
attention to one of the terms with j < Jq, say, '^iBipi. 

As noted in [G5], one can assume that X is already covered by C/10, L^2, ■ ■ ■ ,Uj with U 10 
compact in Ui, if^i and Lpi supported in C/10, and introduce U'l = Ui, Uj = Uj \ Uiq for 
J > 2, as a new cover of X with associated partition of unity ip'j and functions (p'j E C^{Uj) 
equal to 1 on supp ip'j, I < j < J- This allows us to choose 

(3.1) Piu^ E ^;[(-A)/M((V'»o$r')]°*i' 

i<j<j 

as the auxiliary elliptic operator, such that when ipjBipj is carried over to B in the co- 
ordinate system Vi, iljjB(fij{Pi — X)~^ is carried over to B{—A — X)~^Im + T^x in Vi, 
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where TZ\ is of order — oo with a trace that is 0(A~^'), any A^' (with similar properties of 
A-derivatives). Im stands for the M x M identity matrix, not mentioned exphcitly in the 
following. (Cf. [G5] for more details.) 

This reduces the problem to a calculation of the trace expansion of operators of the 
form S(-A - A)-^ on M!^, where wc can work out the kernel explicitly. (In [G5], 1 — A 
was used rather than — A, since log(l — A) makes sense on M.^, but the lack of homogeneity 
is a disadvantage when we calculate more complicated boundary contributions; instead we 
shall modify the symbol near when needed.) 

After the reduction, we again write B as P++G, with symbols p{x,^) resp. g{x', rjn), 
functions on R^"'. 

In the rest of the present section we consider the contributions from P+(5a,+ and its 
iterated versions; recall that the order cr of P is an integer. The operator P+Q^ is written 
as a sum of two terms 

(3.2) = (PQf )+ -L(P,Q^) = ^^[(pg,)+ -L(P,Q,)], 

that are treated in different ways. The first term is the truncation to of the ifjdo 
PQx on M", whereas the second term, the "leftover term", is a composition of s.g.o.s; see 
(3.16)ff. later. We see in the following that for the first term one can use the method of 
[G5], for the second term that of Section 2. 

For the first term, the pointwise calculations are essentially as in [05], relative to the 
closed manifold X, and we get the contribution to the basic zeta value as the integral over 
X of the pointwise contribution (pulled back from local coordinates). A short explanation 
will now be given. 

Proposition 3.1. When N > {a + n)/2, the kernel of PQ^ on the diagonal {x = y} has 
an expansion: 

K{PQ^,x,x)^ {-\Y-^-^c,{x) 

0<j<cr+n 

^3 3^ + (£i^[(-A)-^ ^og{-Xy,{x) + {-xy'c^iix)] + O(A-^-H^) 

= E (-A)^-^c,(a;) + (-A)-^log(-A)c'o(x) 

0<i<o-+n 

+ (-A)-^(c(;(a;) - aNc'^ix)) + 0(A-^-H=), 
any £ > 0, for X ^ oo on rays in C\ M-|-. Here aN — '^i<k<N ^'^^ 

Cj{x) = 

(3.4) c'oix) -- 

c'^ix) - 

then (cf (1.16), (1.19); 

(3.5) trco(a;) 



= / P^-,(^,e)(iei' + i)-^^e, 

= ^ies^P, tic'^ix) ^TR^P. 
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Proof. This is a purely pseudodifferential situation, and the proof goes as in [G5], except 
that we must in addition account for the effect of the A-derivative. Using the expansion 
p ~ Ylj£jiPc7-jix, C) ill terms Pa-j{x, ^) homogeneous of degree a — j in ^ for |^| > 1, we 
write 

0<j<(7+n 

The finite-part integral -fp{x,^)d^ is defined as recalled above after (1.16). Here (cf. e.g. 
[G3, (1.18)]) 

fPa-j {x, 0<^^= / (P^-j {^^ - Pa-j 0) ^^C, for (^-j> -n, 

J J\^\<1 

(3.6) -fp_n{x,0<^C= [ P-n{x,i)di, 

J J\^\<1 

-/p<_n(a;,0<fC = / P<-n{x,i)di, 



where P^-j denotes the strictly homogeneous version of Pa-j (the extension of Pa-j\\i\>i 
into {1 > 1^1 > 0} that is homogeneous for |^| > 0). 

The kernel of PQx is the integral in ^ of its symbol times e**^^~^^'^. Its value for a; = y 
is then 



■N 



(3.7) K{PQ^,x,x)^K{P{-A-X)-'',x,x)^ [ p(x, Od^P - A)" 

which we shall expand in powers of A. 

The symbols P^-j with j < a + n are integrable at ^ = 0, so these terms Pa-j produce 
the sum over j < a + n in (3.3) plus (— A)~^;f J2j<a+nP(^-n ^ by homogeneity as in the 
proof of [G5, Lemma 4.1], with an error that is 0(A~"'^~-'^). 

For the symbol p-n, one has for any A'^ > 1 that 

(3.8) / p_^(x,om'-xr''d^=^^ f p_„(a;,o(iei'-A)-^d-e, 

and the proof in [G5, Lemma 4.1] can be used word for word, when it is furthermore 
remarked that the expansion of log(l + s) allows taking derivatives; this gives 

/ P-n(x,0(ieP-A)-^(re 

= (&[^(-A)"'log(-A) / p_n{x, 0(^3(0 + i-X)-' {p-n{x,0m+O{X-''-') 

J\^\ = l J 

= (-A)-^ log(-A)c'o(a;) + (-A)-^[^p_,(a;, d( - ar^c'^ix)] + O(A-^-i), 

for any > 1; aN comes from differentiating the log-term. 

Finally, since p<-n and ICr *^ P<-n are integrable for e' e ]0, 1], we find 

.9) / p<-n(a;,6(|C|^-A)-^cfC = (-A)-^ / p<_.(a;, + O(A-^-H^), 



(3 
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any N >1 and £ > 0, by insertion of an expansion of — A) ^: 



(3.10) 



0<fe<iV 

(-A)-^ - (-A)-^ y: cm'iie - x)-y-' 

0<k<N 

(-A)-^ + 0((-A)-^-H^|e|^-n ^ e ]0, |[ . 



This shows (3.3). □ 

Proposition 3.2. The operator family {PQx)+ = (^(-A - A)-^)+ in (3.2) on has 
for N > (a + n)/2 expansions as in (1.23), with S = ^ — e, any £ > 0, for A oo on rays 
in C\ M_(_. Here Oq = | res(P+) and 

(3.11) lo{{P{-A-X)-^)+)^ [ [TR^P - ^ves,,o{PlogP[)]dx; 
with reSj:fi{PlogP{) = 0. 

Proof. This is found by integrating the fiber trace of the expansion in (3.3) with respect 
to X G M!fi (recall that the symbol of P has compact x-support in this situation). This 
gives rise to the coefficients Gq and Iq as described. Here reSa;,o(-Plog P{) is zero, because 
logP{ has symbol 21og[^], so that the log-free term of order —n in the symbol of PlogP{ 
vanishes for |^| > 1. □ 

We have included the trivial term with reSa;,o(-PlogPi) in (3.11) for the sake of gener- 
alizations to other auxiliary operators P2- 

As explained in the beginning of this section, we can choose Pi on the manifold so that 
its resolvent is similar to (—A — A)~^ in the specially selected local coordinates. Then, 
summing over the coordinate patches, we find that (P(Pi — A)^^)_|_ has a trace expansion 
(1.23), where Iq is a sum of contributions of the form 

(3.12) cp y"[TR^P-|res^,o(i'logPi)]rfa;V, 

with cutoff functions (p, il^. Also here, reSa;^o(-Plog Pl) is 0, since Pi in the local coordinates 
has the same symbol terms as P[ for |^| > 1. Now the formula will be extended to general 
choices of auxiliary operator as follows: 

When P2 is a general auxiliary elliptic operator of order 2, the kernel of 
P((P2 — A)~^ — (Pi — A)~-^) has an expansion on the diagonal (calculated in local coor- 
dinates): 

(3.13) K{P{{P,-X)-^-{P,-X)-^),x,x)= Y sf\x){-X)^-^ 

0<i<T+n 

+ 0(A-^-^), 
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with 

s^Jliix) = s,+n{x) = -i / symb_„(P(logP2 -logPl))(x,0^^^(0• 
The general idea of proof of this is given in [G4, Prop. 2.1, Th. 2.2], and the adaptation to 
the situation with A'"'th powers is given in [G5, Sect. 3]. Since logP2 — log Pi is a classical 
ipdo having the transmission property (cf. [GG, Lemma 2.1]), so is P(logP2 — log Pi), so 
the integral over X of the fiber trace of (3.14) is precisely — ^ res([P(logP2 — logPi)]_|_) 
defined as in [FGLS]. Thus integration over X of the fiber trace of (3.13) shows that 
[P((P2 - A)-^ - (Pi - A)-^)]+ is as in Definition 1.2 with 5 = | and 

Zo([P((P2 - X)-' - (Pi - A)-i)]+) = -I res([P(logP2 - logPi)]+) 

(3.14) ^ f 

= -i / res^(P(logP2-logPi))dx. 
Jx 

Here the symbol of P(logP2 — log Pi) is classical, without logarithmic terms, so reSa;^o of it 
coincides with resa; of it. Then reSa;,o(PlogP2) = reSx(P(logP2 — logPi))+reSa;,o(PlogPi). 
Adding (3.14) to the result for /o((P(Pi - A)~^) + ), we conclude: 

Theorem 3.3. For a ijjdo P of order a G Z satisfying the transmission condition at X' , 
together with a general elliptic differential operator P2 of order 2 having M_ as a spectral 
cut, the operator family (P(P2 — A)~''^)+ has for N > {a + n)/2 expansions as in (1.23), 
with 5=^—8, any e > 0, for A —> 00 on rays in the sector V around ]R_ where P2 — X is 
invertible. Here 

(3.15) lo{{P{P2-X)-^)+)= [ [TR,P-ires,,o(i"logP2)]dx. 

Jx 



Next, we study the second term —L{P, Q\) (3-2). In the localization we are consid- 
ering, the operator is built up of s.g.o.s as follows: 

L{P,Q^) = G+{P)G-iQ^), where 

G+{P) =r+Pe-J, G-{Q^)^Jr-Q^e+, with J: u{x',xn)^u{x',-xn); 

cf. [Gl, (2.6.5)ff.]. (Here r"^ denotes restriction from R" to and e"^ denotes extension 
by from RJ to R"', respectively.) This term contributes in a different way than {PQ^)+. 
It was shown in [GScl, Sect. 3] that the trace expansion of —G~^{P)G~{Q^) has no term 
of the form c(— A)~^ log(— A) and that the coefficient of (— A)~^ is local. The arguments 
there were based on Laguerre expansions, which give quite complicated formulas (see e.g. 
Lemmas A.l and A. 2 in the Appendix), so it is preferable to find a more robust method 
giving a simpler information on the coefficient of (— A)~^. We shall here use the strategy of 
[G4, Sect. 4] recalled in Section 2, invoking the regularity of parameter-dependent symbols 
introduced in [Gl]. In the notation of [Gl], the parameter is = |A|2, where A runs on a 
ray in C \ R+, —A = //^e*^ (for some ^ e ] — tt, 7r[ ). 
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Lemma 3.4. Consider G~^{P)G~{Q^); the order a of P is integer. 

1° For each N > 1, the s.g.o. —G'^{P)G~{Q)^) has order a — 2N , class and regularity 
a. Moreover, it can be written as 

-G+{P)G-{Qx) = {-X)-'G+iP)PiG-{Qx) if N = 1, 
-G+{P)G-{Q^) = {-X)-^G+{P)PiG-'^ in general, 

where G~^ {P)PiG^'^ has order a, class and regularity c" + |. (G^'^ is described in 
(3.23) below.) 

2° The normal trace 

(3.18) 5f ^ = tr„(-G+(P)G-(Q^)) = ^S^^^ 

is a if^do on M"'"-'^ of order a — 2N and regularity cr — \- It can also be written as 

(3.19) 5^ = (-A)-^5f ^ = trn[G+(P)PiG-'^], 

where S^^' has order a and regularity a + ^. 

3° The symbol s^^\x' , \) of with the expansion in (quasi-) homogeneous terms 

s^^\x',^',X) ~ ^j^fqS^J^2N-j(''^' ^ i' ^ ^) (homogeneous in (^',//) on each ray A — — ^^e*^, 
fi > 0), satisfies: 

A) - A)]| < (^^-^-"^'-"(e',/^)-^^^^ 

(3 20) '^^^ 
on the rays in C\ M_|_, for all a, J. 

Proof. Consider first the case = 1. Since Q\ is strongly poly homogeneous (the strictly 
homogeneous symbol is smooth in ^ and A for |^| + |A| ^ 0), it is of regularity +oo, and so 
is the s.g.o. G~{Qx), of class 0. G+(P) is A-independent of order a and class 0, hence has 
regularity a by [Gl, (2.3.54)], so by the composition rules (cf. e.g. [Gl, (2.6.5) 10°]), the 
composed operator has order cr — 2, class and regularity a. For > 1 we have similarly, 
since is of order — 2A'" and regularity +oo, that G~^{P)G~ (Q^) has order a — 2N, class 
and regularity a. This shows the first statement in 1°. 
For the second statement in 1°, we use that 

(Pi - A)-i = (-A)-i - (-A)-iPi(Pi - X)-' 

(Pi-A)-^ = (-A)-^-(-A)-^ 5] Ck{Pi{Pi - XrT-" 
(3.21) o<k<N 

= (-A)-^ - (-A)-^Pi Yl c^-jPr\Pi-^)-' 
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as in (3.10); here G {X ^) = 0. Since Pi is a differential operator, G (PiQx) = 
PiG~{Q\), and we find in the case N = 1: 

(3.22) -G+{P)G-{Qx) = {-X)-^G+{P)PiG-{Qx), 

where G^{P)Pi is a A-independent s.g.o. of order cr + 2 and class 2, hence has regularity 
cr+ I by [Gl, (2.3.55)]. Then the composed operator G'^{P)PiG~ {Q\) is of order a, class 
and regularity cr + ^. For general we use that the last sum in (3.21) is of order —2 
and regularity +oo. Here (3.17) holds with 

(3.23) G'a'^ = G-( c^-jPr\Pi->^)-')- 

The statements in 2° now follow by use of [G4, Lemma 3.4], which shows a loss of 
regularity \ in general when tr„ is applied. 

The information in 3° follows directly from the definition of the class of symbols of the 

stated regularity, when cr < 0. When cr > 0, the regularity information itself gives weaker 
estimates when cr — |q;| — J > 0; here we use the device from the proof of [G4, Prop. 4.3]: 
Compose 5^^^ to the left with A^A'^^, A = 0P((^')), with ^ > cr + 1. Taking A'^^ together 

with G+(P) one finds that A~^S^^^ satisfies the regularity statements with cr replaced by 
(J — Q, hence the estimates with the same replacement, and the desired estimates follow 
after composition with A^. □ 

The lemma makes it possible to use Theorems 2.1 and 2.2 as in Section 2. 

Theorem 3.5. Consider defined in Lemma 3.4. When N > (cr + n — 1)/2, the kernel 
of sj^^ on the diagonal has an expansion 

(3.24) K{sir\x',x')^ Y: 5r^(^')(-A)"^-^ + 0(A-^-i), 

0<l<a+n-l 

where in particular the coefficient of (— A)~^ is 

(3.25) ~Ci-li^')= I ^^-2^N-n+li^',e,-l)<ie- [ B^ll\^,{x',i',-l)di'. 

The "log-transform" S with symbol s{x',^') deduced for \^'\ > 1 from the symbol 
s('\x',^',X) by 
(3.26) 

«(^''^') = ^^logAs«(a;',e',A)dA, s.-,(a;', O = j^\ogXB^^l^_^{x' ,X) dX 
(with a curve C in C\ R_ around [l,oo[) is a classical i/jdo of order a such that 

4+l-i(^') = -i / si_r^{x',e)ds{e), 

(3.27) -^iei=i 

tr5^+^„_i(a;') = -|reSa;' S. 
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Proof. By Lemma 3.4, the operator family 5^^^ defined there satisfies the hypotheses for 
Theorems 2.1 and 2.2 with m = 2 and S = ^, V = C\ 1+. For |^'| > 1, the symbols are 
holomorphic in A G C \ [1, oo[ . □ 

Let us consider the role of S more closely. Since the coefficient we are studying is 
local, it makes no difference if S is modified for |^'| < 1. If we replace Pi by P[ = 
0P([^]2) (cf. (1.14)), its resolvent is defined for A G C \ [^,oo[, and logP{ is well- 
defined as OP(log[^]^). A simple calculation using [Gl, (2.6.44)] shows that G~{Qx) = 
G~{{Pi — A)~^) has symbol-kernel and symbol 

~g-{q)^^e--^--+y-\ «=(|ef-A)^; 

(3.28) ^'^ 

^ 2k{k + i^n) (« -iVn)' 

when l^'l > 1 this also holds when Pi is replaced by P{. 
The symbol terms in S are for |^'| > 1 equal to 

s,^,{x',a = 2^^1ogA4^22_/x',e',A)dA 

(3.29) ^^/logA/ g+{p)^-j{x', g^ U Vn) 2«(^+,^„V^-i^„) d^ndrMclX 

= ^ / log A / g+(p)^_j{x',Xn,yn,Oi;^e-'^^'="+y-UxndyndX. 

JC Jxn,yn>0 

Since g^{p)cr-j is bounded, and ^ y (R^ ) ^ hence is 0(A"^), the 

log-integral can be moved inside the (xn, yn)-integral. Then we can use, as shown in [GG, 
Example 2.8], that in fact 
(3.30) 

I logA^e-'^(^"+^")dA = --4— e-l^'l(^"+«"), equal to ^-(logPj) for \^'\ > 1, 

where ^~(logP{) is the symbol-kernel of the generalized s.g.o. G~(logP{). Note that it is 
integrable in (x^, y^) G when ^' 7^ 0. 

The singularity of the symbol-kernel at Xn = yn = ^ is typical for G^(logP2) for a 
general elliptic differential operator P2, as well as for the s.g.o.-like part of logP2,T for a 
realization of P2 defined by a differential elliptic boundary condition Tu = 0, cf. [GG]. 

Now we get, for |^'| > 1, 

(3.31) s^_j{x',e)= I ~g^{p),-j{x\xn,yr,,^')^;^e-\^'\^^-^y-Uxndyn 

= -tTn{t{p)a-j o,^-(logPO) = -symb,_^.tr,(G+(P)G-(logPO); 
in short, when we recall (3.16), 

(3.32) 5~ -tr„(G+(P)G-(logP;)) = - tr, L(P, log P^), 
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modulo a smoothing operator. With this, the formula for the coefficient of (—A) ^ be- 
comes: 

(3.33) = 1 I symbi_„(tr,L(P,logP0)(^',e')^'5(e'), 

J|ei=i 

i.e., for the fiber traces: 

(3.34) ivs^^_^^_^{x') = -i reSa.. S=^ reSa..(trn L(P,logP{)). 
We conclude: 

Theorem 3.6. The operator family -L{P, (-A - A)"^) in (3.2) on has for N > 

{a + n)/2 expansions as in (1.23), with S = ^, for A —> oo on rays in C\M+. Here Oq = 0, 
and 

(3.35) lo{-L{P,{-A-X)-^))^l f TeSa,,{tTnL{P,logP[))dx'. 

Proof. This is found by integrating the fiber trace of the expansion in (3.24) with respect 
to x' e R"^"^, replacing I by j — 1, and using the intepretation of S that we have just 
accounted for. □ 

Next, consider the manifold situation, choosing Pi as indicated after Proposition 3.2. 
Then, summing over the coordinate patches, we get lo{—L{P, {Pi — A)~^)) as a sum of 
contributions of the form 

(3.36) (f j |res^/tr„L(P,logPi)cia;'V, 

with cutoff functions V'; the integral vanishes if the local coordinate patch does not meet 
the boundary. 

For a general auxiliary operator P2, we have of course 

Zo(L(P,(P2-A)-i)) = Zo(i^(J',(J'i-A)-^)) + Ro(i:(P,(P2-A)-^))-Zo(i^(J',(i^i-A)-^))]. 

Here the expression in [ . . . ] has been treated before, namely in the course of the proof of 
[G4, Th. 3.6, Rem. 3.12]. Rather than taking up details from that long proof, we simply 
note that in view of those results and Theorem 3.3, 

Zo(-L(P, (P2 - A)-i)) - k{-L{P, {Pi - A)-^)) 

37) = ^°(^+' ^2,+) - H{P{P2 - A)-^)+) - Co(P+, Pi,+) + lo{{P{Pi - A)-^)+) 
= -\ res(P+(logP2 - logPi)+) + \ res((P(logP2 - logPi))+) 
= |res(L(P,logP2-logPi)). 

The residues here are covered by [FGLS] since log P2 — log Pi is classical having the trans- 
mission property, and the expression is calculated in local coordinates as 

(3.38) I / reSa.'(tr„L(P,logP2-logPi))da;'. 

Jx' 

Combining this with what we found for Iq{—L{P, {Pi — A)~^)), we can conclude: 
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Theorem 3.7. Assumptions as in Theorem 3.3. The operator family —L{P, (P2 — ^)~^) 
has for N > {a + n)/2 trace expansions as in (1.23), with S = ^, for X ^ 00 on rays in 
V. Here Qq = 0, and 

(3.39) lo{-L{P,{P2-X)-^))^^ f res^.(tr„L(P,logP2))rfx', 

Jx' 

calculated in local coordinates. 

Observe that log P2 in local coordinates can be written as a sum of log P{ and a classical 
ipdo having the transmission property. Then G~(logP2) = G~(logP{) + where 
is a standard singular Green operator (a similar fact is observed in [GG, Prop. 2.9]). Thus 
i reSj;/ tr„ L{P, logP2) = ^ res^;/ tr„ ^^(P)^" (log P2) is a sum of a term with the special 
function in (3.30) and a term covered by the residue definition of [FGLS]. 

For general P2, it is therefore a minor extension of the definitions in [FGLS] to define 

(3.40) resL(P,logP2) = -2lo{L{P, (P2 - A)-^)). 

This number is defined directly in terms of the manifold situation, so we have "for free" 
that it is independent of local coordinates, although we also have the description in local 
coordinates (3.39). 

4. The constant coming from GQx^+. 

We now study the coefficient of (— A)~-^ in the expansion of GQ^_^_ = GQ\,+- 
The order a can here be any real number. Again we begin with the special localized 
situation explained in the beginning of Section 3. 

This is the hardest term to treat, since its contribution is nonlocal and the homogeneity 
properties of the symbols of G and Qx do not play together in an easy way. We here take 
recourse to one more trace concept, that of N x N-matrices, in the Laguerre expansion 
representation of the operator G. 

Recall (e.g. from [Gl]) that g has a rapidly convergent Laguerre expansion 

(4.1) 9{x',^',^n,Vn)= Yl ^lm{x',e)<Pl{Wi^n)^m{WiVn), 

/,meN 

with cim{x', polyhomogeneous of order a, and Fourier transformed Laguerre-type func- 
tions 

(4.2) ^,^iaM = i2ia)i^^^, 

[^'] defined as in (1.14). In view of the orthonormality of the system (pi, I eN, 

(4.3) (trn^)(x',0 = E^^'(^''^') 

(as used also e.g. in [GScl, (5.17)]), so resG is defined from the diagonal terms alone, by 
integration in x' of 

(4.4) res,,tr„G'= / tr V Q^a;', O ^^^(0- 
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Not just the diagonal terms but also the off-diagonal terms will contribute to Zo(GQa,+): 
so let us define 



^diag ^^Cii{x' ,$,')ipi{[^%^ri)^i{[$,'],r]n), 



(4.5) 

l,m£'H,l^m 

denoting the corresponding singular Green operators Gdiag resp. Goff- 
It is seen from (4.1) that 

(4.6) \9{x',i',in.in)\ < wr^\[er+en)-\ 

and there are analogous estimates for homogeneous terms and remainders. One can fur- 
thermore conclude from this that the strictly homogeneous version 9^_j (extending 9a-j 
by homogeneity into {1 > |^'| > 0}) satisfies 

(4.7) \9^a-jix',e.^n,u\ < \er'^\\e\'+en)-'- 

Let us denote G{—A — X)^^ = G', it has symbol 

(4.8) 9'{x\e,^n,VnA)=90n (pi - A);^ = /ili,^^ b(a;', C', Cn, r7n) (| (^', ry,) |' - A)"^] , 

and symbol-kernel g'{x', Xn,yn,^',X) ^ ^L^L^L^^Xr^^vl^Vud' i^' ^ ^',U,Vn,X). The nor- 
mal trace tr„ G' is a V'do on R"~-^ with symbol 



(4.9) 



tr^^'(a;',e',A) = J ^'(a;', C', Cn, Cn, A) (fCn 



f [gix', e, ^n, vuMe, vn)\' - A)-^]) |,„=^„^ren 



so the kernel of the operator tr„ G' is, for x' = y', 

K{tTn G',x',x',\) 
(4.10) r r+ 

We can here make an important simplification, as in [GScl, (3.9)ff.]: 

Lemma 4.1. Let r{x\^) he a ijjdo symbol in the calculus, of normal order 0. For the 
compositions on the boundary symbol level 

9°nr+ = hZi^r^r. [^(^'' Vn)r{x', r]n)] , r+o^g^ /i+ [r{x' , ^' , ^n)9{x', Cn, Vn)] , 

one has that 



(4.11) 



J (^i [9{x', C', Cn, Vn)r{x', r]n)]) |^„=^„ d^n = 0, 
J [fix, C', U)9{x', i', rin)]) \r,^=i^ d^n = 0; 
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(4.12) 



and hence 

trnigOnr+) = J {hZi^r,j9{x',C,Cn,Vn)r{x',^',r]n)])\ri^=^^d^n 

= J 9{x', ^n, ^n)r{x', ^n) d^n, 
trn{r+ OnO)^ j {h^^ [r{x, C' , in)g{x', , Cn, Vn)])\rir.=CudCn 
= J r{x', C', ^n)g{x', C', Cn, Cn) d^n- 

Proof. Assume first that r is of normal order —1, hence is 0((Cn)"^)- 

We have for each term in the Laguerre expansion (4.1), denoting [^'] = g: 

J KJ^lmix', OMC'],in)<Pmi[i']^Vn)r{x' , rjn)]) |^„=^„ (f?n 
= Cim J ^l{Q,Cn){h:^j0miQ^Vn)r{x',^',r]n)])\r]^=^^d^n, 
= Clm J <Pl{Q,^n)h'^J^miQ^Cn)r{x',C',Cn)]d^n- 

Here the integrand is holomorphic in ^„ on C_ and on C_ , and is 0(^~^) for — oo 
in C_, so that the integration curve can be transformed to a closed curve in C_ where it 
gives (one may check this with [Gl, (2.2.42)ff.]). Summing over / and m, we find the 
first line in (4.11), and the first statement in (4.12) is an immediate consequence, since 

h+f{^n) + hZifi^n) = /(Cn) for f & H-,. 

Similarly, for the second line in (4.11), each Laguerre term is a standard integral of an 
L2 function that is seen to be by changing the integration curve to a closed curve in C+, 
and the second statement in (4.12) follows. 

Now if r is of normal order 0, it can be written as a sum r{x\ ^) = ro{x\ + r'{x\ ^), 
where tq is independent of (and polynomial in ^'), and r' is of normal order —1, thanks 
to the transmission condition. Here the o„ composition with tq is simply a multiplication 
that goes outside the tr„-integral, and the preceding considerations apply to r'. □ 

Thus hZi^jjn ^® omitted in (4.10), and we arrive at the more convenient formula 

K{tvnG',x',x',x) = f f 9{x',e,uume,uf-xr''d^nde 

(4.13) 

= / 9ix',e,^n:^n)m'.U\'-X)-''dC 

For this, the analysis of the asymptotic expansion in —A will to some extent be modeled 
after the proof of Proposition 3.1; but it presents additional difficulties since the terms in g 
are given as homogeneous for |^'| > 1 only, and polar coordinates in ^ are not very helpful. 
In relation to the expansion g ~ X^^eN 9<^-j homogeneous terms (with ga-j {x', ^',^nj Vn) 
homogeneous in (C^ruVn) of degree a— j — 1 for |^'| > 1, hence of ordera—j, in the notation 
of [G4]), we set gi_n = Oifcr + n- l^N, and we define g<:i-n = g - Y.a-j>i-n 9a-j- 

The terms with a — j ^ 1 — n are relatively easy to handle, and will be treated first: 
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Lemma 4.2. For g„-j{x\ r/„) with a — j > 1 — n, one has: 

(4.14) =(-A)^^^-^/ 9'^_j{x',e,Cn,Cn){\e + ir''dc 

for X ^ oo on rays in C \ 1R+. For g^i-n{x', ^n, Vn) one has: 
(4.15) 

/ ^<l_„(a;^r,^n,en)(|el'-A)-^^re=(-A)-^/(tr,^<l_„)(a;^O^^e' + 0(A-^-^+^). 

Proof. Let cr — j > 1 — n. It follows from (4.7) that g^-j is integrable on cylinders 
{.^ G I l^'l < a}. Multiplication by (|CP - A)"^ makes it integrable over M"' when 
A ^ M+. Write 

/ ga-jix',e,^n,U(\e-X)-''d^ 

(4.16) = / ^^-,(a:',^',en,u(iei'-A)-^d-e 

+ / {9a-j{x', Cn, Cn) - q'^-j^X , C', Cn, UMf ' A)"^ ^C- 

For the first term we have by homogeneity for A on rays in C \ M_|_, writing A = — |A|e*^, 
16*1 < TT, and replacing ^ by |A|2?7: 

(4.17) / ^^,(x',e',en,U(l^l'+|A|e^')-^(fe 

JR" 

= |A|^^-^ I ^^,(x',V,r7.,r7.)(H^ + e^^)-^% 

7R" 

This equals the first term in the right hand side of (4.14) if ^ = 0, and the identity extends 
analytically to general A (as in [GSl, Lemma 2.3]). 
Using (3.10), we find that 

(4.18) / {ga-j{x, i\ ^n, in) " Q^^.-jix , i' , ^n, in)mf ' A)"^ 

= (-A)-^ / i9.-jix',e,in,in)-9':-j{x',e,in,in))di + OiX-''-'^+'), 

since {ga-j — ga-j){in)^~'^^ is integrable on the set where |^'| < 1 (cf. (4.6), (4.7)). Here, 
in view of (2.2), and (3.6) applied in dimension n — 1, 

(4.19) / {9a-j{x,i',in,in)-9':-j{x,i',in,in))di 

-'^eK",|ei<i 




((tr„^,_,)(a;',e') - {tTng'^_j){x',i'))di' = -l{tTn9.-j){x',e)de; 
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this shows (4.14). 

For (4.15), we use that g<\-n is integrable in ^ and remains so after multiphcation by 
a small power of |^|; then (3.10) can be used to show that 

/ ^7<i-n(a;',e',en,en)(iei'- A)-^d-e = (-A)-^y" ^<i-n(a;',e',en,en)^e+o(A-^-H=), 



where 



j g<l-n{x',^',Cn,Cn)dC = J{trn g<l-n){x' , d^' , 



in view of (2.2), and (3.6) in dimension n — 1. □ 

If(j^Zor(T<l — n, this ends the analysis, since there is no term in g of order 1 — n. 
Since 

j{tT^g){x',e)de= Yl /(trn^a-i)(x',0^e'+ /(trn^<l-n)(x',0^e' 

(j—j>l—n 

in this case, we thus find: 

Theorem 4.3. When a — n + 1 ^ N, the kernel o/ tr„(G(5^_|_) on the diagonal {x' — y'} 
has for N > (a + n)/2 an expansion: 

(4.20) K{trr.{GQ^^+),x',x')^ Yl (-A)^^^-%(x') 

0<j<a+n-l 

+ (-A)-^^(tr^ g){x', a + O(A-^-H-) 
any £ > 0, for X ^ oo on rays in C \ M.+, where 

(4.21) bj{x')= f ^^,(a^',^',en,U(ieP + l)-^^^. 



When a is an integer > 1 — n, we must include a study of the contribution from gi-n- 
Here the Laguerre expansion (4.1) comes into the picture, since we need to treat Gdiag and 
Gos (cf. (4.5)) by different methods. The symbols of order 1 — n are: 

^diag,l-n = ^^n,l-n5 S'off,l-n = ^ ^/m,l-n5 where 
(4.22) ieN Lmen,l=^m 

gim,l-n{x',C,^n,Vn) = Cim,l-n{x' , ^')(pi{[^'], ^n)'PmiW]i Vn) ■ 

We denote OP(q^(x', ^')) = Cim. 
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Proposition 4.4. The gu^i-n satisfy for N > 1: 

= W^ I tr^n,l-n(x',e',en,U(lel'-A)-^(fe 

Qiv-i r 
(4.23) = W^- C«(-A)-' log(-A) + y tr cn,i-n(x', C') di' {-\)-^ 

+ res,. C„(- log 2 (-A)-i + 0(A-i+^))] , 

= ires,,Ca(-A)-^log(-A) + ^trc„,i_,(a;',e')^e'(-A)-^ 

+ res., Cn(-(log2 + ia^)(-A)-^ + O(A-^-H-)), 

/or A oo on rays in C\ M+ . 

follows by summation in I that 

[ tr^diag,i-n(^',e',en,en)(iei' - A)-^(fe 

= (^[ires,'(trnG)(-A)-Mog(-A) 
^4 24) +(^trtr„^i_,(a;',O^Je'-log2res,,(tr„G'))(-A)-i]+0(A-^-H-), 
= |res,,(tr,G)(-A)-^log(-A) 

+ {jtTirngi-n{x\Od^' - (log 2 + |q!jv) resa;' (tr^ G)) (-A)" 
+ 0(A-^-3+s). 



Proof. Since the integrand is in LiiMP) for all A?" > 1, we can insert the formula 

(ICP ~ A)~^ = (ICP ^ A)~^ and pull the differential operator outside the 

integral sign. Then we can do the main work in the case N = 1. Write 

/ tTgu,^_nix', e', Cn, en)(iei' - a)-^ d^ = h+ 

(4.25) h = f irgl^_^{x',i\in,inm?-\)-''di, 

h = f tr^„,i_„(x',e',en,U(iei'-A)-^(f^. 

The last term is treated as in the preceding proof. Using (3.10), and the orthonormality 
of the Laguerre functions, we find that 

I tr^n,l-n(^',r,en,U(lel'-A)-^^e 

(4.26) =(-A)-^ / irgu,i-n{x\^\UU)d^ + 0{X-''---^') 
= (-A)-^^tr cu,i-n{x\ O dC + O(A-^-H^), 
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in view of (2.2), and (3.6) in dimension n — 1. 

Now consider /i. It suffices to take A e ]R_; here we write —A = fj, > 0. The 
integrand is homogeneous in (^',^n) but the integration is over | |^'| > 1}; it is here 
that the Laguerre expansion helps in the calculations. Write in general 

(4.27) Ii^^ I trQ„,i_,(x',O^KKl,U^m(r],U(l^l'-A)-^(l?- 
Denote r = |^'|, k — (|^'p — A)^ — (r^ + /x^)^. Then by Lemma A. 2, 

(4.28) ,,=,„.^,e3.,C„|^^^:;^^<in 
The integral is analyzed by use of Lemma A. 3. Here (A. 4) implies: 

III = res^' Cii-^tiy.it^ i- log2 + log{^/l + Ji? + 1))] 



(4.29) =res,,C„(^[(-A)-i(-log2 + log((-A)^)+log(0TFAp + (-A)-^))] 
= res,' Cii^tiyM-^) log(-A) - log2(-A)-^ + ©(A"^)], 



for |A| — > oo. 

When we add Ii and I2, we obtain the statement of (4.23) before the last identity. In the 
last identity, the term —^a^ res^'iCu) (cf. (1.5)) comes from differentiating the log-term, 
and it is checked from (4.29) that the error has the asserted order. 

Now summation with respect to / gives the second statement in the proposition, in view 
of (3.16)ff. □ 

The coefficient log 2 in (4.23), (4.24) may seem a little odd, but fortunately, it will 
disappear again when the terms are analyzed more and set in relation to compositions 
with logP(. First we make the appropriate analysis of goff,i-n- An analysis similar to the 
above of the Iim with / 7^ m can of course be carried out, but as seen from (A. 3) and (A. 5), 
this gives coefficients and remainders depending on / and m, leading to a less transparent 
summation result. 

We shall use instead that this part in fact has good enough regularity properties to 
define a completely local contribution, where the methods of Sections 2 can be applied. It 
was observed already in [GScl] that this part gives a local coefficient and no logarithmic 
term. 

Proposition 4.5. Define for N > 1, 

(4.30) S^^^ = tr^(G'off (|^(Pi - A)+^), with symbol 

it is of order a — 2N and regularity a — \, and it also equals {—\)~^ times a symbol of 
order a and regularity o" + |, and satisfies estimates like (3.20). Then we can define the 
"log-transform" Sqq with symbol 

(4.31) Sos{x,0 = ^ J^logXSosix,C',X)dX 
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(for w\ > i;. 

The fiber trace of the kernel of has an expansion on the diagonal 

(4.32) trKiSiZ,x',x') = tr^^l-Ol-A)^^-^ + O(A-^-i), 

0<l<a+n-l 

where 

(4.33) tT5i'^l^^_,{x')^-^ves,,S,s. 

Proof. For the symbol Soff{x', A) of Sqs^x, the immediate rules give that s^^-* {x', A) = 

{N-i)\ ^o«{x' , A) is of order a — 2N and regularity cr — i. But it can be rewritten using 
(3.21) (we let |^'| > 1 and as usual write |^'| = r for short): 

5ofF(a;',^', A) = Y Cim{x',^') tTn['Pl{r,^ri)^mi'^,Vn) On {pi - A) + ^] 

= '^lm{x', C') tVn[Mr, ^n)^mir, Vn) °n ("A"^ + A"Vl(Pl " A)"^)+] 
= Yl '^lm{x',^')tVn[ifil{r,^n)^mi.r,Vn) °n (PlA"^(pi - A)"^) + ], 

where we used that tr„((^i(r, ^n)<,3^(r, rj^)) = {^i, <^m) = for / 7^ m. Similarly to Lemma 
3.2, we see from this that 5off,A can also be viewed as A~^ times an operator of order a 

and regularity a + ^, and likewise (— A)^ (jv-i)! '^"ff.''^ °^ order a and regularity cr + |; 
moreover, estimates like (3.20) hold. Then Theorems 2.1 and 2.2 apply, and the result of 
Theorem 3.5 extends to this case, when we define Spff from Spff by (4.31). □ 

These two propositions can be taken together to give a formula for the term lo{GQ \^-^) . 
However, to find a more transparent formulation, we shall analyze the ingredients some 
more. 

Insertion of 5ofF in (4.31) gives that (for |^'| > 1) 
Soff(a;',C') = 2^ / logA V Qm(a;', C') trn[<^K^: Cn)<^m(^, ^n) On (piA"Hpi - A)"^)+] dA. 

One would like to pass the integration in A inside tr^, so that logpi would appear in the 
formula, but the complex rule for calculation of tr„((7 r_|_) (cf. (4.9), (4.12)) requires 
a symbol r satisfying the transmission condition, which logpi does not (in its principal 
part). However, inspired from (4.12) we can define an extension of the normal trace to 
non-standard symbols: 

Definition 4.6. For functions r{x',^) and g{x' ,^,r]n), we set 

trn(^°nr+)= / g{x',C',^n,in)r{x',^',^n)d^n, 

(4.34) "^^ 

trn(^+°n^)= / r{x',^',^ri)g{x',^',^n,^n)d^n, 

Jr 
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whenever the integral converges. The notation will also be used for the associated operators. 

This allows us to write 
(4.35) 



^Y.^^rn{x',0 [ / log A A'^ (pi (0 - A) dAcf^^ 

= trU^off On {pi{Pi^^Ogpi)) + ) = t4(^off On (logpi) + ). 

In this sense, we have that 

(4.36) 5off~tr;(GofF(logPi')+) 

(modulo smoothing operators). 

We can now extend this point of view to cases where Goff is replaced by Gdiag or G 
itself. Define: 

,^ -^cliag ~ tr;(Gdiag(logPi') + ), 

5-tr;(G(logP0+), 

with symbols given for |^'| > 1 by: 

Sdiag(a^',C') = Ycu{x\^)^A\^l{'^^in)^>l{r,T]n) On (logpi)+], 

(4.38) s{x\0 = E cim{x',e)Kmr,U)^mir,Vn) On (logPi)+] 

= ^^n[9{x',^',$,n,Vn) °n (logPi)+]. 

Further calculations show: 
Lemma 4.7. The symbol Sdiag o/5'diag satisfies 

(4.39) Sdiag(a;',0 ~ (trn(7)(a:',^')(21og2 + 21og[e']). 
It is log-polyhomogeneous, and in particular, 

(4.40) reSa;/,o('S'diag) = reSa;',o(tr'„(Gdiag(logPi')+)) = 2 log 2 reSa;'(trn G). 
Proof. For r = |^'| > 1, write 

Sdiag(a^',C') = Ysii{x',^'), with 

Sll{x',C) = Cii{x',^')tT'^[(pi{r, ^n)<flir,Vn) On (logPl)] 



= cii{x',^') / (^i(r,^n)'^i(r,Cn)log(r^ +^^)(Z§n. 
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Here we have 



_2r r 
27r 



r 



+ t'^ TT L 1 + S 



(see Lemma A. 4 in the Appendix). It follows that 

(4.41) Sdiag(a:', eO = Yl log2 + 2 log le'i), 

for l^'l > 1, cf. also (4.3). This shows (4.39), and (4.40) follows in view of (4.4). □ 

It follows from this and (4.35) that 5" = tr'^(G(logP{) + ) is likewise log-polyhomogeneous. 
Then we can finally conclude, in the special localized situation: 

Theorem 4.8. The operator family G{—A — X)^^ on has for N > {a + n)/2, expan- 
sions as in (1.23), with 5 ~ ^ + e, for A 00 on rays in C \ M+. Here = | res(G) = 
I J-^n-i reSa;/ tr^ G dx' and 

(4.42) lo{G{-A-X)-^)^ I (TR,,tr„G'-ires,.,otr;(G'(logPiO+))c?^'- 

Proof. Collecting the results of Lemma 4.2, Theorem 4.3 for cr + n — 1 ^ N (where the 
relevant residues vanish), and Propositions 4.4 and 4.5 for cr + n — 1 e N, we get the 
expansion with as stated and, 

(4.43) /o(G'(-A-A);^) = / (TR,,tr„G-log2res^.tr„G-ires,,.^off)c?a:' 

= / (TRa./ tr„ G - log 2 res,,, tr^ G - | res,,. tr;(Goff (logP{) + )) dx' , 

in view of (4.36). Now since G = Gdiag + Goff with tr^(G(log P{)+) log-polyhomogeneous, 

res,;/ tr^ {Gos (log P[)+) = res^'fi tr^ ^(log P^) + ) - res^/ ,0 tr^ ( Gdiag (log P[)+) 

= res,:',otr^(G(logP^)+) - 2 log 2 res,;' tr^ G, 

by Lemma 4.7. When this is inserted in (4.43), we find (4.42). □ 

This gives the formula for the contribution to the basic zeta coefficient in a reasonably 
natural form. Now the global formula with Pi, as well as the formula with Pi replaced by 
general P2, follow as in Section 3: 

Theorem 4.9. For a singular Green operator G of order a G M and class 0, together with 
an elliptic differential operator P2 as in Theorem 3.3, G(P2 - A)+^ has expansions as m 
(1.23) for N > (a + n)/2, with 5 = ^ + e, for A —> 00 on rays in V. Here a'g — ^ res(G) 
and 

(4.44) loiGiP2 - X)+^) = I (TR,'tr„G-ires,',otr;(G(logP2)+))da;', 

JX> 

calculated in local coordinates. 

It is worth keeping in mind here that tr^(G(log P2) + )) in local coordinates is the sum of 
a usual normal trace, namely that of G(logP2 — logPi)_|_, and a generalized normal trace 
tr^ in one special case, namely for G composed with the logarithm of the Laplacian. 



BASIC ZETA COEFFICIENT 



37 



5. The constants coming from P+Gx and GGx. 

The appropriate expansion of Tr(P+ + G)G^^^ was shown in Section 2, and we shaU just 
discuss the constants arising there more in depth. In this analysis m can be any positive 

integer, and we as usual take > {a + n)/m. 

Recall that the operator U introduced in Corollary 2.5 arose from taking the normal 
trace of BG^^^ and integrating together with log A; this gave a ipdo on X' . We shall set 
this in relation to the composition of B with the s.g.o.-like part G^^^ of logPi^y: 

(5.1) G'°s = lim^ / X-'logXGxdX=^ f X-HogXPiGxdX 

Jc Jc 

(cf. (2.13)); it is described in more detail in [GG]. The analysis is different for the two 
terms coming from resp. G, so let us write 

(5.2) U = Up + Ug, 

where Up is defined from B = P+ and Uq is defined from B = G. We have the trace 
expansions from Corollary 2.5: 



(5.3) 



IV(P+G'f )) = Yl «r(-A) - + O(A-^-i^) with 

l<j<cT+n 

IV(GGf )) = Yl bf\-X)^-'' + 0(A-^-i^(+-)) with 



l<j<(T+n 

SN) 



blZ = -V^'^^UG{ = loiGGx)). 

The natural thing to do would be to interchange the A-integral and the application of 
tr„. This works well for the part with G. Here we can proceed as in the discussion of S in 
Section 3, by appealing to the estimates of the symbol-kernel of Gx shown by Seeley [S] 
(and recalled in [GG, Th. 2.4]): The symbol-kernel has in local coordinates an expansion 
in quasi-homogeneous terms g ~ ^j>o9-m-j, satisfying estimates on the rays in V, with 
K = l^'l + |A|m: 

(r,A\ n°' rr^i n^' 11^ n^' rPh ,\ > l-m-\a\-k+k'-l+l'-j-mp -CK{xn+yx) 

for all indices, when K>e. These estimates allow carrying the A-integration inside tr„: 

Theorem 5.1. For Uq in (5.2), we have that Uq = tr„(GiG^°s), and the coefficient of 
{—X)~^ in the trace expansion of GG^^^ is: 

(5.5) k{GGx) = -^resf/G = res tr,(GG;°S). 

Proof. Consider the j'th symbol term tto-_j(a;', ^') in Ug, cf. (2.22). It is for |^'| > 1 a 
linear combination of terms of the form 



(5.6) 



2^ / log A / d^,ga-k{x',Xn,yn,C')d^'9-i-m{x',yn,Xn,i',X)dxndyndX 

Jc Jxn,yn>0 



= / d^,g^_kix',Xn,yn,C')i;^ / ^og X d^,g_i_rnix' ,yn,Xn,^' A) dXdxndyn, 
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ior \a\+k + l = j {a eN'^ ^,k,l we could interchange the order of integration since 

the symbol-kernels from G are bounded and those from G\ have Li^Xr,,yn (lR++)-norms that 
are 0(A-i--). The inner log-integrals define the terms in the symbol-kernel of G^°^ (and 
derivatives), cf. [GG]. Wc conclude that tr„(GG!|°^) is a well-defined classical tpdo of order 
a which equals Uq modulo a smoothing operator. □ 

Here it is only a slight extension of the definition of [FGLS] to define 

(5.7) res(GGl"^) = -mZo(GGA)- 

For Up, it would be nice to be able to write a similar relation of res Up to the residue of 
trn,{P+G^i^). But the latter normal trace rarely exists in the usual sense; it does so when 
P is of low order, but otherwise needs interpretations involving e.g. the subtraction of a 
number of symbol terms which do not contribute to the residue. This is apparent already 
in the case P = /, as considered in [GG, Sect. 3], where tr„ is defined for G^°^ minus its 
principal part. 

For clarity in the explanation, assume first that in the local coordinates in W^, where 
we arc considering P^G^°^, the symbol p is independent of x^. Then, in view of the 
transmission condition, it can be decomposed into a differential operator symbol and a 
symbol of normal order —1: 

p{x',0=p'{x',0+P"{^',0, 

(5-8) y(^',e) = E <^a{x'mr'c-, \p"\ < iWier^'- 

\a\<a 

(One can instead let p" be the part of normal order 0.) For the differential operator part, 
the composition of D^^ with G^°^ is simply an application of to the symbol-kernel 
^log rpj^^g makes the symbol-kernel more singular at Xn + Vn = 0, the larger is, cf. 
[GG, (2.23)-(2.24)]; this is also clear from the example g^°^ = ^;^e-l^'l(^"+^") where 
Pi = —A. However, the term that contributes to the residue escapes this effect since the 
order is lifted by so that we have to go further down in the series to find the term 
whose order equals minus the boundary dimension. In short, the relevant term in the 
o„-composition of p' and g^°^ is 

(5.9) a^{x'){er'D--tl{x', Xn, Vn, 

\a\<a,\a'\+an—j=l—n 

which is 0{{xn + yn)~^) when n = 2, bounded in Xn + Vn when n > 2, and integrable for 
Xn + Vn oo, according to [GG,(2.26)-(2.29)]. In the full composition there will moreover 
be terms coming from derivatives in ^' and x': 

(5.10) Yl C^',P'<^a{x'mT'-^'D2d^Jtl{x'. Xn, 2/n, 
\a\<(T,l3'<a' ,\a.'-l3'\+ari-3=l-n 

but we still have estimates as in [GG,(2.26)-(2.29)], since \a' — I3'\ > 0, so tr„ of the 
relevant terms makes sense. In this sense we identify res f/p/ with restr„(P^G!|°^). 
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For the part p" of normal order —1 (or 0) we can use in the o^-composition with 
the symbol-kernel of G\ that tr^ of it can be simplified, by Lemma 4.1. Now apply the 
notation tr^ from Definition 4.6. Considering the terms in the full o-composition of with 
^'(^'7 C'? ^n, ??n, A), we see that the log A-integration can be interchanged with taking tr^, 
leading to an identification of Upn with tr^(P^G']°^) on the symbol level, so that resf/p" 
identifies with restr^(P^G!|°^). 

In the case where the symbol of P depends also on x^-, one applies the preceding 
considerations to the terms in a Taylor expansion in Xn (a technique used extensively in 
[Gl, Ch. 2.7]), up to a term with a so large power of Xn that the order is so low that there 
is no residue contribution. This just gives some more terms in slightly more complicated 
formulas; the principle is the same as above. 

This is as close as we can get to identifying res IJp with the residue of a normal trace 
associated with But it gives sufficient justification for defining 

(5.11) res,.(P+Gfs)= / tr [tr„ symb^. JP;G^^) + tr^ symb^. JP^G^^)] (f5(0, 

J\i'\=\ 

consistently with res^' ?7p, with reference to the detailed interpretations of the contribu- 
tions from P' and P" given above. Then we can write: 

Theorem 5.2. For Up in (5.2), the coefficient of {—X)~^ in the trace expansion of 
P+Gf ) zs (cf (5.11)); 

(5.12) iQ^p^Gx) = -^TesUp = -^ [ ies,> {P+G'°^) dx' , 

Jx' 

also denoted — ^ res(P+G!|°^). 
6. Consequences. 

We collect the results of Sections 3-5 in the following theorem, denoting the general 
auxiliary operator Pi : 

Theorem 6.1. Let B = P+ + G on X , of order a, where P is a-^do satisfying the trans- 
mission condition at X' and G is a singular Green operator of class (a & Z if P ^ 0, 

cr G M otherwise). Moreover, let Pi be a second-order elliptic differential operator pro- 
vided with a differential boundary condition Tu = 0, such that Pi,t has R_ as a spectral 
cut, and let V be a sector around ]R_ such that the principal symbol and principal bound- 
ary symbol realization have no eigenvalues in V. The operator family P(Pi,t — A)~^ = 
(P_i_ -|- G)(Q^_|_ + g''-^^) has for N > {a -\- n)/2 trace expansions as in (1.23), for A — > 00 
on rays in V. The basic zeta coefficient Co(P,Pi,t) = Iq{B{Pi^t — A)~"^) is a sum of five 
invariantly defined terms: 



(6.1) 



Co(P, Pi,t) - /o((PQa)+) - lo{L{P, Qx)) + k{GQx,+) 
+ lo{P+Gx) + lo{GGxy, 
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here 

lo{{PQx)+)= f [TR^P-|res^,o(PlogPi)]dx, 
Jx 

-lo{L{P,Qx)) = ^TesL{P,logP^) = I f res^, tr„ L(P,logPi)) cZx', 

Jx' 

lo{GQx,+)= I [TR^'trnG'-|res^.,otr;(G(logPi)+)]dx', 

(6.2) Jx' 

lo{P+Gx) = -lres{P+G\°^) 

= -I / / tr [tr„ symbi_ JP;G^) + < symbi_ JP^G^^)] dSiO, 
Jx' Jw\=-i 

h{GGx) = -I reslGG^^) = -\ ! res,, tr,(G'Gl°S) dx', 

Jx' 

where the integrals are calculated in local coordinates (P is decomposed as in (5.8)ffj. 

Note that the first and the third terms in (6.1) are global, and closely related to the 
expression (1.15) found in [PS] for the boundaryless case; the other terms are local. 

Let us now also show how this can be generalized to auxiliary operators of even order 
m = 2k. The goal is to obtain formulas as in (6.1)-(6.2) with | replaced by ^ = 

First choose the second-order operator Pi,t as a sclfadjoint positive operator (e.g. the 
Dirichlet realization of Pq -|-Po +a, where Pq has principal symbol and a is sufficiently 
large). Then {Pi^rf = (P^)t' with trace operator T' = {T,TPi, . . . ,TP^~^}; this is 
likewise positive selfadjoint, and by definition of Cq, 

(6.3) Co(P,(Pi,t)'=) = Go(P,Pi,t). 

For the latter, we have the formulas (6.1), (6.2). Since logPf = /clogPi, |logPi can 
be replaced by ^ log Pi in the formulas, so the first and third term, the nonlocal terms, 
are completely analogous to the case m — 2. The last two terms in (6.1) have already 
been shown to be of the desired form with | replaced by ^ , since Sections 2 and 5 treat 
arbitrary m. For the second term, one can establish an analysis similar to that in Section 3, 

using that the symbol-kernel of G~ (Pf^) is of the form ^ — e"'^ \ {xn+yn) ^ standard 

singular Green symbol-kernel (for |^'| > 1), cf. [GG, Prop. 2.7]. 

This shows a generalization of Theorem 6.1 for the special choice {Pi)t'- The analysis 
is now extended to more general auxiliary operators P2,t" of order m = 2k using that 

(6.4) Go(P,P2,T") = Co(P,P2,+) + /o(PG'a) 

= Go(P, (P^)+) + [Co{B, P2,+) - Co{B, {Pi')+)] + loiBGx); 

here Theorem 2.6 shows formula (1.12) for Co{B, P2,+) — Co{B, (P^'^)+), and the contribu- 
tions from the singular Green part Gx of (P2,t" — ^)~^ ^ire as worked out in Section 5. 
We then obtain: 



BASIC ZETA COEFFICIENT 



41 



Corollary 6.2. Theorem 6.1 holds with Pi of even order m, when | in the formulas is 
replaced by as written in (1.25). 

As a further consequence of these results, we can formulate some defect formulas (rel- 
ative formulas) which compare two different choices of auxiliary operator, generalizing 

(1.12) . For one thing, wc can supply (1.12) with a formula where the full auxiliary opera- 
tors, not just their ipdo parts, enter: 

Corollary 6.3. For B together with two auxiliary operators Pi,Ti and P2,T2 in Corol- 
lary 6.2, of even orders nii resp. m,2, one has: 

(6.5) Co(i?,Pi,Tj -Co(S,P2,tJ = -Tes{B{^^\ogPi - ^logP2)+) 

+ res(L(P, ^ log A - ^ log P2)) - ^ res(P+G^) + ^ res(P+G?^) 

-^res(GG'°^) + ;l^res(GGf^), 

with residues defined as above. 

Proof. We write log Pj,Ti — (logPi)+ + ^1°^ ^ = Then (6.5) follows simply by 

applying Corollary 6.2 to the corresponding zeta coefficients and forming the difference. □ 

The new terms in comparison with (1.12) are local, defined by an extension of the 
residue concept as explained at the end of Section 5. 

Another defect that we can consider is the difference between the zeta coefficients arising 
from different choices of the definition of log. It may happen that the spectrum of Pi,t 
(and that of Pi on X) divides the complex plane into several sectors with infinitely many 
eigenvalues, separated by rays without eigenvalues. Consider two such rays e*^M+ and 
e*'''lR+, with 6 < (f < d -\- 27r. We can then define log^, Pi and log^^Pi^^ by variants of 

(1.13) , where the logarithm is taken with cut at e*^M+ and the integration curve goes 
around this cut (more details in [GG]); the logarithmic term in the symbol of log^ Pi is 
still mlog[^]. The difference between the logarithms is closely connected with a spectral 
projection; in fact, 

logg Pi - log^ Pi = ^TieAPi) on X, 

log, Pi,T - log^ Pi,T = ^n,,^(Pi,T) on X, 

where Il0^^p{Pi) and Ile,ip{Pi,T) are the sectorial projections for the sector Kg^^p, essen- 
tially projecting onto the generalized eigenspacc for eigenvalues of Pi resp. Pi,t in ^e,ip 
along the complementing eigenspace (see [GG] for the precise description of such sectorial 
projections). Here the V'do part of Il-e,,p{Pi,T) is n6i,<p(Pi)+ satifying the transmission con- 
dition since m is even, and the s.g.o.-type part Ge,ip of ^e,ip{Pi,T) is connected with the 
s.g.o.-type part of the logs by 

(6.7) d°^<^ - d;^- = ^Ge,^. 

Since the expressions TR^, P and TR^' tin G are independent of the auxiliary operator, 
the terms resulting from these are the same when one calculates the zeta coefficients 

(6.8) Co,e(P,Pi,T) = loABRx), resp. Co,^(P,Pi,t) = loA^Rx), 

referring to expansions for A —> 00 along e*^M+ resp. 6**^1^+. So they disappear when 
we take the difference between these zeta coefficients. This implies another local defect 
formula: 



42 



GERD GRUBB 



Corollary 6.4. For the difference between the basic zeta coefficients calculated with respect 
to two different rays e*^]R+ and 6**^]^+, for Pi of even order m, we have: 

Co,e{B,Pi,T)-Co,^iB,Pi,T) = -^rcs+(P(log,Pi - log^Pi)) 

+ ^ res(L(P, (log, Pi - log^ Pi))) - ^ res(G(log, Pi - log^ Pi)+) 

- ^ res(P+(G^ - drn) - ^ res(G(G^ - G?^^)); 

here the first three terms are residues in the sense of [FGLS], and the last two are gener- 
alizations defined as in (6.2). In view of (6.6)-(6.7), this can also be written: 



(6.9) Co,oiB,Pi,T) - Co,^(5,Pi,t) = res+(Pn,,^(Pi)) 

+ gres(L(P,n,,^(Pi))) - £res(G(ne,^(Pi))+) - £ res((P+ + G')Ge,^), 



in short denoted ~j^Tes{BIlg^^{Pi^T)) (ihe residues being defined from the homogeneous 
terms of the relevant dimension as in (6.2)j. When ^0,^{Pi,t) belongs to the standard 
calculus, this is a residue in the sense of [FGLS]. 

Finally we have some observations on the traciality of the new residue definitions. Let 
B be of order and class 0; it is a bounded operator in L2, and its adjoint is of the same 
kind. Then it can be placed to the right of in all the above calculations, performed 
in the analogous way. So Tr{R^B) has an expansion similar to (1.3) (this also follows 
directly from applying (1.3) to B*(P^j, — X)~^ and conjugating). Then since Tr(PP^) = 
Tr(P^P), it follows that 

(6.11) loiBRx) = loiRxB), in particular loiBQx,+) = loiQx,+B), loiBGx) = loiGxB). 
This leads to: 

Theorem 6.5. When B = P^ + G is of order and class and Pi^t is as in Corollary 6.2, 
then 

(6.12) res(SG'i°^) = resiG^^^B), res ( [5, log Pi, t]) = 0. 
Moreover, in the situation of Corollary 6.4, 

res(S Ge,^) = res(G'e,^ B) 
^' ^ res(5ne,^(Pi,T)) = res(ne,^(Pi,T)S). 



Proof First we note that Tr{GX 'B) has an expansion similar to (2.25), since the normal 
trace of G^^^B allows application of Theorems 2.1 and 2.2 as in the case of BGf\ The 
coefficient of (— A)~^ is lo{GxB) = — ^ res U', where the V'do U' on X' is defined similarly 
as in Corollary 2.5 from taking the normal trace of G^^^ B and integrating together with 
log A. The constant rest/' is interpreted as res in the same way as in Section 

5; for the part resUQ this goes directly by an interchange of the integration in A and 
the application of tr„, and for the part res Up it works as in the consideration of the 
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contribution from P", where the A-integration and the apphcation of tr^ to the relevant 
terms could be interchanged. The first formula in (6.12) then follows from lo{BGx) = 
k{GxB). 

For the second formula in (6.12), we do not have a separate residue definition for 
-BlogPi^T (neither for XogPi^xB), since (6.2) contains global terms. However, the TR- 
components of P and G will be the same in the formulas for Iq{BR\) and Iq{R\B), so 
they cancel out in the difference, leaving a local contribution; it is this that we denote 
res([i?, logPi^r])- It vanishes because of the first identity in (6.11). 

In the situation of Corollary 6.4, the preceding results give the commutativity with 

G^i^*^ or G]"""^ inserted; this implies the first line in (6.13) in view of (6.7). Now the second 
line follows since the •0do part of ^e,ip{Pi,T) is a standard •i/'do in the calculus, for which 
the property is known from [FGLS] . □ 

Appendix. 

Some lemmas on integrals arising from Laguerre expansions will be included here. 
Lemma A.l. Set 

r=\a «=(|e?-A)^ = (rV/x2)^; 



(A.l) 
then one has 

(A.2) 



tje',/^)= / 



(r - k)'-"^-i 



For I > m, = 0, s 



+ 



For I = m, s7 
For I < m, st 



1 



l,m _|_ ' 

{K + r)2r ~ 
(r-K)"^-'-i 



This was shown in [GScl, Lemma 5.2]. 
Lemma A.2. Let cim,i-n{x' ■, C') be homogeneous of degree 1 — n in ^' for \^'\ > 1. Then 



Ilm = 



ei>i 



r>l Jt€R 



{r+ity-'^+^ {N-iy. \2K\K+it ' K-it 



Here 



(r-it) 



r>l JteM. 



i ( ^— -I- 1 

(r+it)'-'"+i (AT-l)! \k \ K+it ^ K-it 



drdt I Cim,l-n{x',0<^S{e). 
^'1=1 



drdt 



- ^ 



(A.3) 



(r-itY 



(N-l)\ I I (r+it)'-"^+i \ k{ K+it K-it 
'r>l Jte™ ^ ^ 



drdt 



N-l 



-1)! /r>l K(r+K)'-'"+i ^/^ > ™5 



= < 



(N-iy. Jr>l K{r+K) 

{N-l)\ Jr>l rK{r+K) 



-1)! Ir>l rK(r+K) ^"^ ^ 



1)! Ir>l i(r+i)'"-'+i ^''^ ^/^ < 



(iV-1)! Jr>l K{r+K) 



m. 
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Proof. The first calculation is straightforward, using that cim,i-n{C') = "'Qm,i-n(^VI^1)- 
The reductions of the integrals over r and t in (A. 3) now follow from (A. 2). □ 

The integrals in (A. 3) can be calculated by use of the following lemma: 

Lemma A. 3. Let a > 0. One has that 

poo 

I .VH+a^ (VH+a^ +.) dr = a-\- log2 + loglTIT^ + 1)), 
and, for j = 1,2,..., 

Proof. Letting s = r/a, we have: 



poo poo 



_ svWT(\/^^+s) 



poo pco 



= [logs - log(y^^ + = -a-^ [log( Vl + s-^ + 1)] 

= a-2(-log2 + log(Vl + o^ +1)), 

showing (A. 4). For (A. 5), we furthermore set u = V + 1 — s, noting that du/ds 
(s - Vs2 + 1)/Vs2 + 1; then 



pOO . , poo 

Jl/a J s=l/a 



'l/a Js=l/a 

-oo 
--1/C 

since 

(A.6) + 1 - s = + - 1) = s{l + + 0(s-4) - 1) 

= |s-^ + 0{s-^) for s ^ oo 

implies tt — > for s — > oo. □ 

We shall also need: 
Lemma A.4. /^^ ds = 2tt log 2. 

Proof. Write log(l+s^) = log(l+is)+log(l— is). Here log(l+is) extends to a holomorphic 
function of s G C \ {s = | t > 1}, and 
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Since log(l +is)/{l + s^) is Odsl"^ ^) for |s| — > oo, we can calculate 

J —oo JC— JC— 



where we replaced the real axis by a closed curve C_ in the lower halfplane going around 
the pole —i in the positive direction, and used (A. 7). 

The integral with log(l — is) is turned into an integral over a curve around the pole i 
in the upper halfplane, contributing tt log 2 in a similar way. □ 
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